CONVERGENCE OF A QUANTUM NORMAL FORM AND AN EXACT 

QUANTIZATION FORMULA 



SANDRO GRAFFI AND THIERRY PAUL 

Abstract. Let the quantization of the linear flow of diophantine frequencies uj over the torus 
T', / > 1, namely the Schrodinger operator —ihw ■ V on L^(T'), be perturbed by the quantization 
of a function V„ : x M of the form 

V„(e, a:) = V{z o £„(C),a;), — uii^i + ... + uii^i 

where z V{z, x) : M x T' — s- M is real-holomorphic. We prove that the corresponding quantum 
normal form converges uniformly with respect to h & [0, 1]. Since the quantum normal form 
reduces to the classical one for h = 0, this result simultaneously yields an exact quantization 
formula for the quantum spectrum, as well as a convergence criterion for the Birkhoff normal form, 
valid for a class of perturbations holomorphic away from the origin. The main technical aspect 
concerns the quantum homological equation [F{—ihLj ■ V), W]/ih + V — N,F: M.-^M. being 
a smooth function e— close to the identity. Its solution is constructed, and estimated uniformly 
with respect to G [0, 1], by solving the equation {F{£.^),W}m + V = A/" for the corresponding 
symbols. Here {■, ■}m stands for the Moyal bracket. As a consequence, the KAM iteration for the 
symbols of the quantum operators can be implemented, and its convergence proved, uniformly 
with respect to (^, ?i, e) G x [0, 1] x {e £ C | |e| < e*}, where £* > is explicitly estimated 
in terms only of the diophantine constants. This in turn entails the uniform convergence of the 
quantum normal form. 
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1. Introduction 

1.1. Quantization formulae. The establishment of a quantization formula (QF) for the eigen- 
values of the Schrodinger operators is a classical mathematical problem of quantum mechanics (see 
e.g. |FMj ). To review the notion of QF, consider first a semiclassical pseudo differential operator 
H (for this notion, see e.g. [Ro] ) acting on L^(]r'), / > 1, of order m, self-adjoint with pure-point 
spectrum, with (Weyl) symbol aH{S,,x) G C°^(m' x ]R';M). 

Definition 1.1. We say that H admits an M -smooth exact QF, M >2, if there exists a function 
/i : {A,h) ^ n{A,h) G C^^(R' X [0, 1];M) such that: 

(1) ii(A,h) admits an asymptotic expansion up to order M in H uniformly on compacts with 
respect to A ^ R'; 

(2) \/h €]0, 1], there is a sequence uj^ := {u}^^, . . . ,nfcj C l} such that all eigenvalues Afc(fi-) of 
H admit the representation: 

\k{^) = ^i{nkh,h). (1.1) 

Remark 1.2. (Link with the Maslov index) Consider any function / : R' — t- R' with the property 
(/(^), V/i(A, 0)) = dnn{A, 0). Then we can rewrite the asymptotic expansion of fj, at second order 
as : 

Hiukh, h) = fi{nkh + hf{nkh)) + 0{h^). (1.2) 
When f{mh) = v, G Q', the Maslov index {Maj is recovered. Moreover, when 

\Xk{h) - n{nkh,h)\ = 0{h^'^), n^o, M>2 (1.3) 
then we speak of approximate QF of order M. 

Example 1.3. (Bohr-Sommerfeld-Einstein formula). Let an fulfill the conditions of the Liouville- 
Arnold theorem (see e.g. |Arlj . §50). Denote A = {Ai,...,Ai) G R' the action variables, and 
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E{Ai, . . . ,Ai) the symbol ajj expressed as a function of the action variables. Then the Bohr- 
Sommerfeld-Einstein formula (BSE) QF is 

Xn,n = E{{ni + u/4)n, . . . , (n, + iy/A)h) + 0{r?) (1.4) 

where v = v{l) GNU {0} is the Maslov index |Maj . When H is the Schrodinger operator, 
and an the corresponding classical Hamiltonian, (II. 4p yields the approximate eigenvalues, i.e. 
the approximate quantum energy levels. In the particular case of a quadratic, positive definite 
Hamiltonian, which can always be reduced to the harmonic oscillator with frequencies oji > 
0, . . . ,uji > 0, the BSE is an exact quantization formula in the sense of Definition 1.1 with v = 2, 
namely: 

/i(yl, h) = E{Ai + h/2, ...,Ai + h/2) = MM + h/2) 

k=l 

To our knowledge, if / > 1 the only known examples of exact QF in the sense of Definition 
1.1 correspond to classical systems integrable by separation of variables, such that each separated 
system admits in turn an exact QF, as in the case of the Coulomb potential (for exact QFs for 
general one-dimensional Schrodinger operators see [Vo] ) . For general integrable systems, only the 
approximate BSE formula is valid. Non-integrable systems admit a formal approximate QF, the 
so-called Einstein-Brillouin-Keller (EBK), recalled below, provided they possess a normal form to 
all orders. 

In this paper we consider a perturbation of a linear Hamiltonian on r*T' = m' X t', and 
prove that the corresponding quantized operator can be unitarily conjugated to a function of the 
differentiation operators via the construction of a quantum normal form which converges uniformly 
with respect to h £ [0, 1]. This yields immediately an exact, oo-smooth QF. The uniformity with 
respect to h yields also an explicit family of classical Hamiltonians admitting a convergent normal 
form, thus making the system integrable. 

1.2. Statement of the results. Consider the Hamiltonian family T-L^ : R' x T' — )■ R, (^,x) i— )■ 
HeiC^x), indexed by e G R, defined as follows: 

'Hs{^,x):=CUO+eV{x,0; CUO-={^,0, '^eM', VgC7~(r' xT';R). (1.5) 

Here ^ G R',x G are canonical coordinates on the phase space R' x t', the 2/— cylinder. C^{^) 
generates the linear Hamiltonian flow i— )• , Xj i— )• Xi -\-ujit on R' x t'. For / > 1 the dependence 
of V on ^ makes non-trivial the integrability of the flow of T-Ls when e 7^ 0, provided the frequencies 
u := (oji, . . . ,uji) are independent over Q and fulfill a diophantine condition such as ()1.25p below. 
Under this assumption it is well known that Ti^ admits a normal form at any order (for this 
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notion, see e.g. fXr2] . [5M] ). Namely, V7V G N a canonical bijection C^^n : x m' x t' close 
to the identity can be constructed in such a way that: 

N 

CHe o C,,Nm x) = CUO + Yl ^^(^5 ^)^' + ^""^'T^N+iAt x) (1.6) 

fc=l 

This makes the flow of Tisi^jx) integrable up to an error of order e^+^. In turn, C^^n is the 
Hamiltonian flow at time 1 generated by 

N 

wf (e, x) := (e, x) + j2 (1-7) 

k=l 

where the functions yVk{^,x) : R' x t' — t- M are recursively computed by canonical perturbation 
theory via the standard Lie transform method of Deprit fPe] and Hori [Hoj (see also e.g |Ca] ) . 

To describe the quantum counterpart, let H^^ = + eV be the operator in L^(T') of symbol 
T-L^, with domain D{Hs) = ff^(T') and action specified as fohows: 

I 

\/u£D{Hs), HirU = L^u + Vu, L^u = 'YuJkDkU, D^u := -ihdx^u, (1.8) 

k=l 

and V is the Weyl quantization of V (formula (|1.26p below) . 

Since uniform quantum normal forms (see e.g. [Sj| , |BGP] . [Polj . [Po2j ) are not so well known 
as the classical ones, let us recall here their definition. The construction is reviewed in Appendix. 

Definition 1.4. [Quantum normal form (QNF)] We say that a family of operators Hf, e-close (in 
the norm resolvent topology) to Hq = L^^ admits a uniform quantum normal form (QNF) at any 
order if 

(i) There exists a sequence of continuous self-adjoint operators Wk{h) in L^(T'), k = 1, . . . and 
a sequence of functions Bk{^i, ... ,(^i,h) G C°^(m' x [0, 1];M), such that, defining y N G N 
the family of unitary operators: 

N 

UN,e{n) = e'^^An)/n^ ^^^^^^^ ^ ^ Wu{h)e^ (1.9) 

k=l 

we have: 

N 

UNA^)HeU*^Ah) = + Y,Bk{Di, ...,Di, h)e'' + e^+ii?,v+i,e(^). (1-10) 

k=l 

(ii) The operators Bk{D,h) : k = 1,2 . . ., Rn+i are continuous in L^(T'); the corresponding 
symbols Wfe, 7^Ar+i(e) belong to C°°(M' x x [0, 1]), and reduce to the classical normal 
form construction hl.O) and |j. Tj ) as h ^ {): 

Bk{C;0)=i3kiO; miC,x,o) = WkiC,x), nN+i,e{x,C;0) =nN+i,eix,C) (i.n) 



CONVERGENCE OF A QUANTUM NORMAL FORM AND AN EXACT QUANTIZATION FORMULA 5 

(jl.lOP entails that commutes with Hq up to an error of order e^"*"^; hence the following 
approximate QF formula holds for the eigenvalues of H^: 

N 

\n,e{fi) = Hn,io) . . .,nih, h)e^ + 0{e^+^). (1.12) 

k=l 

Definition 1.5. (Uniformly convergent quantum normal forms) We say that the QNF converges 
M-smoothly, M > 21, uniformly with respect to the Planck constant h, if there is e* > such 
that 

oo 

sup Y \D'^Wk{i,x]h)e^\<+oo (1.13) 

k=l K' XT' X [0,1] |„|<M 



oo 



sup ^ |L'"^fc(e,?i)e'=| < +00, |e|<e*. (1.14) 

Here = d^^d^^d^', \a\ = \ai\ + jasl + 03- 

(|1.13|1.14p entail that, if |e| < e* , we can define the symbols 

00 

Woo{C,x;e,h) :=(^,x) + ^Wfc(e,x;%'= gC7*^(m' XT' x [0,e*] x [0,1]; C), (1.15) 

k=l 

00 

^oo(C; e, h) := CUO + E ^ ^ ^ 1]; C) (1.16) 

k=l 

By the Calderon-Vaillancourt theorem (see §3 below) their Weyl quantizations VFoo(e, ^), Boo{e, ti) 
are continuous operator in L^(T'). Then: 

^Woo{efi)/hjj^^-iWo.{e,h)lh = B^{Di,...,Di;e,h). (1.17) 

Therefore the uniform convergence of the QNF has the following straightforward consequences: 
(Al) The eigenvalues of are given by the exact quantization formula: 

Xn{h,e) = Boc{nh,h,e), n e z\ e e T)* := {e e R\\e\ < e*} (1.18) 

(A2) The classical normal form is convergent, uniformly on compacts with respect to ^ E R', 
and therefore if e £ D* the Hamiltonian 'Hs{(,,x) is integrable. 

Let us now state explicit conditions on V ensuring the uniform convergence of the QNF. 
Given F{t,x) G C°°(M x T';R), consider its Fourier expansion 

^(t,x) = ^J-,(t)e*<«'-'). (1.19) 



and define furthermore J"^ : R' x T' -)> R; J"^ G C°°(R' x T';R) in the following way: 
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:FU^,x) := HCUO,^) = E (1-20) 



^.,.(0 := (^5 o = -1^ / ^,{p)e-'^^-^^^ dp = (1.21) 

= 7^r^ I ^lipK'^'^^ dp, pco := {pui, . . . ,pui). (1.22) 

Here, as above, jCoj{0 = i^-iO- 

Given p > 0, introduce the weighted norms: 

ll-7^c.,,(e)llp:= / |-^,(p)|e^W|dp (1.23) 

Jr 

ll^a.(x,Ollp:=E^''''ll-^-.«llp (1-24) 

We can now formulate the main result of this paper. Assume: 
(HI) There exist 7 > l,r > Z — 1 such that the frequencies oj fulfill the diophantine condition 

\{iO,q)\-' <-f\q\\ qeZ',q^O. (1.25) 
(H2) 14; is the Weyl quantization of Vu,{^,x) (see Sect. 3 below), that is: 

K;/(^) = / E V,(p)e^<^'^>+'^^<'^'^>/V(^ + npu;) dp, f G L\T^). (1.26) 
with V(C, x; h) = V((w, i),x)= Vu,(C, x) for some function V(t; x) : M x T' ^ K. 

(H3) 

||Va;||p < +00, p>l + 167r'^. 

Clearly under these conditions the operator family := + eK). D{H^) = H^{T''), e G M, is 
self-adjoint in L^(T') and has pure point spectrum. We can then state the main results. 

Theorem 1.6. Under conditions (H1-H3), Hf, admits a uniformly convergent quantum normal 
form Boo,uj{£,,£,fi) in the sense of Definition 1.5, with radius of convergence no smaller than: 

,24(3-.2.)V||V||/ (^-'^^ 

If in addition to (H1-H2) we assume, for any fixed r G N: 
(H4) 

p > A(7, r, r) := 1 + 87r[(2(r + 1)^] (1.28) 
we can sharpen the above result proving smoothness with respect to h: 
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Theorem 1.7. Let conditions (H1-H2-H4) be fulfilled. For r G N define D* := {e G C| |e| < 

e*(7, T, r)}, where: 

Then h ^ Boo{t,e,h) £ C'^{[0,l];C'^{{t G C| |9t| < p/2 x D^ip)}); i.e. there exist ^(e*) > 
such that, for e G 2)* ; 

r 

V max ||a^^oo,^(^;e,n)||,/2 <a, r = 0,l,... (1.30) 

;^r.G[0,i] 

In view of Definition 11.11 the following statement is a straightforward consequence of the above 
Theorems: 

Corollary 1.8 (Quantization formula). Tie admits an oo-smooth quantization formula in the 
sense of Definition 1.1. That is, Vr G N, V |e| < e*(7,T, r) given by 111.29]) . the eigenvalues of 
are expressed by the formula: 

oo 

X{n,h,e) = Boo,uj{nn,e,h) = C^{nh) + '^Bs{C^{nh),h)e^ (1-31) 

s=l 

where ;Soo,tj('^, e, ^) belongs to C"^'(k' x [0,e*(-,r)] x [0,1]), and admits an asymptotic expansion at 
order r in h, uniformly on compacts with respect to (^,e) G M' x [0, e*(-,r)]. 

Remarks 

(i) (|1.30|) and (jl.3ip entail also that the Einstein-Brillouin-Keller (EBK) quantization for- 
mula: 

oo 

An,f^(?i) := CUnh)+Y,Bs{CUnn))e' = B^^^{nh,e), nel} (1.32) 

s=l 

reproduces here Spec(ife) up to order h. 

(ii) Apart the classical Cherry theorem yielding convergence of the Birkhoff normal form for 
smooth perturbations of the harmonic flow with complex frequencies when / = 2 (see e.g. 
|SMj . §30; the uniform convergence of the QNF under these conditions is proved in |GV| ) . 
no simple convergence criterion seems to be known for the QNF nor for the classical NF as 
well. (See e.g. [PM| . |Zu] . [St] for reviews on convergence of normal forms). Assumptions 
(1) and (2) of Theorem 11.61 entail Assertion (A2) above. Hence they represent, to our 
knowledge, a first explicit convergence criterion for the NF. 



8 SANDRO GRAFFI AND THIERRY PAUL 

Remark that C^^i^) is also the form taken by harmonic-oscillator Hamiltonian in M^', 

I 

'Po{'n,y;uj) ■.= ^Us{ril + yl), s = l,...,l 

s=l 

if expressed in terms of the action variables > 0, s = 1, . . . , where 

6 := 'nl+yl = ZsZs, Zs := Vs + irjs- 
Assuming ()1.25p and the property 



I 

Bk(,0 = (.J'koCUO)=J'k{^^sZsZs), A: = 0,1,... (1.33) 

Riissmann [Ruj (see also |Ga| ) proved convergence of the Birkhoff NF if the perturbation V, 
expressed as a function of (z,^), is in addition holomorphic at the origin in C^'. No exphcit 
condition on V seems to be known ensuring both ()1.33p and the holomorphy. In this case instead 
we prove that the assumption V{(,,x) = V(£a;(0)^) entails ()1.33p . uniformly in h £ [0, 1]; namely, 
we construct J^s{t; /i) : M x [0, 1] — )■ M such that: 

BsiC;h)=Ts{CUO;f^)-=^u.A^;fi), s = 0,l,... (1.34) 

The conditions of Theorem 11.61 cannot however be transported to Riissmann's case: the map 

n-tc \ ( \ Jf/i = -\/CiSinxi, . 
T(4, x) = (??, y) := < z = l,...,Z, 

\Vi = V«cosxi, 

namely, the inverse transformation into action-angle variable, is defined only on M',_ x t' and does 
not preserve the analyticity at the origin. On the other hand, T is an analytic, canonical map 
between R*^ x and R-^' \ {0,0}. Assuming for the sake of simplicity Vq = the image of 
under T is: 

I 

{neoT){r],y) = Y,u,{r,l + yl)+e{VoTMy) - V^{r^,y) + eVi{r],y) (1.35) 

s=l 

where 

Pi(??, y) = {Vo T){v, y) = ri,R{ri, y) + Vi,i{ii, y), (r/, y) e R^' \ {o, 0}. (1.36) 



=1 V Vvs + y. 



2 



Vs - ly. 



s 
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If V fulfills Assumption (H3) of Tlieorem ll.6| both these series converge uniformly in any compact 
of M^' away from the origin and Vi is holomorphic on M^' \ {0, 0}. Therefore Theorem [L6] imme- 
diately entails a convergence criterion for the Birkhoff normal form generated by perturbations 
holomorphic away from the origin. We state it under the form of a corollary: 

Corollary 1.9. (A convergence criterion for the Birkhoff normal form) Under the assumptions of 
Theorem \1.6\ on uj and V, consider on M^' \ {0, 0} the holomorphic Hamiltonian family Ps{r], y) : = 
VoiTj, y) + e'Pi{r], y), e E R, where Vq and Vi are defined by ^.35^1.36\) . Then the Birkhoff normal 
form of is uniformly convergent on any compact o/M^' \{0,0} if \e\ < e*(7,r). 

I. 3. Strategy of the paper. The proof of Theorem 11.61 rests on an implementation in the quan- 
tum context of Riissmann's argument [Ru] yielding convergence of the KAM iteration when the 
complex variables {z,z) belong to an open neighbourhood of the origin in C^'. Conditions (jl.25t 

II. 34P prevent the occurrence of accidental degeneracies among eigenvalues at any step of the quan- 
tum KAM iteration, in the same way as they prevent the formation of resonances at the same 
step in the classical case. However, the global nature of quantum mechanics prevents phase-space 
localization; therefore, and this is the main difference, at each step the coefficients of the homo- 
logical equation for the operator symbols not only have an additional dependence on h but also 
have to be controlled up to infinity. These difficulties are overcome by exploiting the closeness to 
the identity of the whole procedure, introducing adapted spaces of symbols i(Section [2]), which 
account also for the properties of differentiability with respect to the Planck constant. The link 
between quantum and classical settings is provided by a sharp (i.e. without h°° approximation) 
Egorov Theorem established in section [H Estimates for the solution of the quantum homological 
equation and their recursive properties are obtained in sections 15.11 (Theorem 15.31) and 15.21 (The- 
orem 15. 5p respectively. Recursive estimates are established in Section [6] (Theorem 16. 4p and the 
proof of our main result is completed in section [71 The link with the usual construction of the 
quantum normal form described in Appendix. 



Let m,/ = 1,2,... . For T G C°°(M™ x x [0,1]; C), {tx,h) J'{C,x;h), and G G C"^(M'" x 
[0, 1]; C), (^, h) —7- G{(,; h), consider the Fourier transforms 



2. Norms and first estimates 




(2.1) 
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•^(^' 9; ^) ■= (^^^ I, ^; ^)^"^''"^ (2.2) 

m^;^) = E-^(^'«;^>"^''"^ (2.3) 

It is convenient to rewrite the Fourier representations ()2.3( 12. 4p under the form a single Lebesgue- 
Stieltjes integral. Consider the product measure on M*" x r': 

d\{t) := dpdu{s), t := (p, s) G R" x r'; (2.5) 

m I 

dp:=^dpk; dz^(s) := 5{sh - qh), qh ^ '^■.h = I, . . . ,1 (2.6) 

k=l h=lqh<Sh 

Then: 

J^iC,x;h)= [ T{p,s;h)e'^'^'^+'^''^UX{p,s) (2.7) 
Definition 2.1. For p > 0, a > 0, we introduce the weighted norms 

\g\l := max ||g(.;n)||^i(^^^,.|,|,p)= max / Wdi' h)\\ e^\P\ dp. (2.8) 
k 

\^\i,k ■■= max E 11(1 + N')'^5^,a(.;?i)|Li(«™,e^l.l,p); \g\i,o--=\G\l (2.9) 



1 i 

Remark 2.2. By noticing that Ipl < |p' — p\ + \p'\ and that, for x > 0, e~^^ < —(^V, we 

e 

immediately get the inequalities 



ml < mg\a, (2.10) 

\(I-A^/^)T\^_s<^(^iy k>0. (2.11) 

Set now for A: G NU {0}: 

/.fc(t):=(l + |f)f = (l + |p|2 + |s|2)l. (2.12) 

and note that 

Pk{t-t') <2lfik{t)pk{t'). (2.13) 

because |x - x'p < 2(|xp + |x'p). 

Definition 2.3. Consider J^{^,x;h) £ C°°(R™ x t' x [0,1]; C), mi/i Fourier expansion 

J^{C,x;h) = Y,H^,Q-,f^y'^''''^ (2-14) 
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(1) Set: 

||^||t := max V / fi)|e''(l^'+H) (iA(p, s). (2.15) 

(2) Let he the set of functions ^> : M' x t' x [0, 1] such that $(^,x; ft) = T{Cuj{S,),x; ft) for 
some T : R x t' x [0, 1] ^ C. Define, for $ € O^; 

||<f llp.fc := max V l |/.fc_-,(pa., q)dlf(j>, s; ft)|e^(l^l+H dX{p, s). (2.16) 

(3) Finally we denote Op^ (T) the Weyl quantization of F recalled in Section\M and 

Jlip) = {-Flll^llj^, <oo}, (2.17) 

Jlip) = {Op'^{T)\T€j\p,k)}, (2.18) 

Jk{p) = {-F G I \\T\\p,k < oo}, (2.19) 

Jk{p) = {-^lll-^llp,fc <oo}, (2.20) 

Finally we denote: Ll{R'^) := {R"" , e^^P^ dp) . 

Remark 2.4. Note that, if J^(.^,(jr, ft) is independent of q, i.e. T{^,q,h) = T{^,h)6qfi, then: 

it =|7r|t . 
\p,k K lp,A;' 



-^IlL = l-^lL; ll-^llp,fc = I-^Im (2-21) 



while in general 

||-F||p,fc ^ ||-F||p',fc' whenever k > k' , p < p'; (2.22) 

Remark 2.5. (Regularity properties) 
Let T E jlip), k>0. Then: 

(1) There exists K{a,p,k) such that 

max ||J^(^, x; ft)llca(jjmxT') 

<Kml„ a en (2.23) 

and analogous statement for the norm || • \\p^k- 

(2) Let p > 0, A: > 0. Then T{C,x;h) G C'=([0, 1]; C7^({|9CI < p} x {IQ^;] < p}) and 

sup <m\U- (2-24) 

{|3'e|<d}x{|Sa;|<d} 

Analogous statements for T G Jk{p)- 
We will show in section [3] that: 

WOp"^ {F)\\b{l^) < m\p,k yk, p>0. (2.25) 
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In what follows we will often use the notation T also to denote the function Ti^L^^{(^\ because the 
indication of the belonging to J or J^^, respectively, is already sufficient to mark the distinction 
of the two cases. 

Remark 2.6. Without loss of generality we may assume: 

|a;| := |wi| + + < 1 (2.26) 

Indeed, the general case |a;| = a|i^'|, < 1, a > arbitrary reduces to the former one just by 
the rescaling e — )• ae. 



3. WeYL quantization, MATRIX ELEMENTS, COMMUTATOR ESTIMATES 

3.1. Weyl quantization: action and matrix elements. We sum up here the canonical (Weyl) 
quantization procedure for functions (classical observables) defined on the phase space M' x t'. In 
the present case it seems more convenient to consider the representation (unique up to unitary 
equivalences) of the natural Heisenberg group on R' x T'. Of course this procedure yields the 
same quantization as the standard one via the Brezin-Weil-Zak transform (see e.g. fPo], §1.10) 
and has already been employed in [CdV| . |Pol| . [Po2] ). 

Let ]HI^(]R' X r' X M) be the Heisenberg group over R^'+-^ (see e.g.fFb], Chapt.l). Since the dual 
space of m' x t' under the Fourier transformation is M' x z', the relevant Heisenberg group here 
is the subgroup of Hi(R' x x R), denoted by H/(R' x z' x R), defined as follows: 

Definition 3.1. Let u := {p, q),p G r', g e Z', and let t G R. Then H;(R' x Z' x R) is the subgroup 
o/H/(R' X r' X R) topologically equivalent to R' x Z' x R with group law 

(n, t)-{v,s) = {u + v,t + s + ^n{u, v)) (3.1) 

Here Q{u,v) is the canonical 2— form on R' x z'; 

^l{u,v) := {ui,V2) - {vi,U2) (3.2) 

]HIi(R' X X R) is the Lie group generated via the exponential map from the Heisenberg Lie 
algebra l-LCi{l} x r' x R) defined as the vector space R' x z' x R with Lie bracket 

[{u,t)-{v,s)] = {Q,QMn,v)) (3.3) 

The unitary representations of Hi(R' x z' x R) in L^(t') are defined as follows 

{Un{p, q, t)f ){x) := e^'«*+*fe-)+''(P-5)/2/(x + hp) (3.4) 
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\/ h 0,\/ [p, q,t) G V / G L^(T'). These representations fulfill the Weyl commutation relations 

Uniuy = Un{-u), Un{u)Un{v) = e'^'"^'^'^^ U {u + v) (3.5) 

For any fixed h > Un defines the Schrodinger representation of the Weyl commutation relations, 
which also in this case is unique up to unitary equivalences (see e.g. [Ibj, §1.10). 

Consider now a family of smooth phase-space functions indexed by h, A{£,, x, h) : m' x x [0, 1] — )• 
C, written under its Fourier representation 

A{i,x,h)= [ ^i(p,g;?i)e^(<P-«>+<'?'^>)(ip= [ l(p, s; ?i)e^(<P-«>+<^'^>) dA(p, s) (3.6) 



Definition 3.2. The (Weyl) quantization of A{£,,x;h) is the operator A{h) definde as 

{A{h)f){x) := j^^^A{p,q;h)Un{p,q)f{x)dp (3.7) 



A{p, s; h)Un{p, s)fix) d\{p, s) f G L\t) 



Remark 3.3. Formula ()3.7p can be also be written as 

{A{h)f){x) = Y, ^{<l^^)i\ {A{q,h)f){x)= [ A{p,q;h)Un{p,q)f{x)dp (3.8) 

From this we compute the action of A{h) on the canonical basis in L^(t'): 

e^(x) := (2^)-'/2e^<™'^), x G t', m G z'. 

Lemma 3.4. 

Aih)emix) = e'«'"+'?)'"U(n(m + q/2),q, h) (3.9) 



Proof. By (|3.8|) . it is enough to prove that the action of A{q, h) is 

A{q, h)era{x) = e*«'™+5)'"U(?i(m + q/2),q, ft) (3.10) 

Applying Definition 13. 21 we can indeed write: 

{A{q,h)em){x) = (27r)"'/2 f ^(p, ;i)e*<9'^)+^''<P.9)/2e*<™'(^+'^P)) dp 

Jr^ 

= (27r)-'/2gi((m+g),x> I ^yn{p,{m+q/2)) ^ e^(('"+'?)'^)^(;i(m + q/2),q, ft). 

Jr^ 

□ 

We note for further reference an obvious consequence of (j3.10p : 

{A{q,h)em,A{q,h)en)L2(ji^=^, m ^ n; (^(r, ft)em, ^(g, ft)e„)^2(T!) = 0, r ^ q. (3.11) 
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As in the case of the usual Weyl quantization, formula (j3.7p makes sense for tempered distributions 
A{(,,x;h) Indeed we prove in this context, for the sake of completeness, a simpler, but less 
general, version of the standard Calderon-Vaillancourt criterion: 



(3.12) 



Proposition 3.5. Let A{h) by defined by |g.7| j. Then 



mm 



< 



1 + 2 



2 |aj<2fc 



where 



1 + 1, I even 



k = I 



^ + 1, / odd. 



Proof. Consider the Fourier expansion 

u{x) = Umemix), u G L^iT^). 

Since: 



\\A{q,h)umemf = \A{h{m + q/2),q,n)\'^ ■ \um\'^ 
by Lemma [33] and (j3.1ip we get: 

P= \Aihim + q/2),q,h)\ 

{q,m)ez' XZ' 



\\A{h)uf < Y \\A{q,h)umen 

(g,m)gZ' XZ' 



2 • IS P 



< Yl sup|^(e,g,fi)p Y \^m\'^ = Yl sup\A{^,q,h)\'^\\uf 



< sup|^(e,g,?i) 



\?\\uf 



Therefore: 



\\A{h)\\L2^L2 < Y SUp|^(e,(?,ft)|. 

Integration by parts entails that, for A; G N, and G C°°(T'): 



g{x)dx 



1 + IgP'^ 



e'M(^l + {-A^)>')g{x)dx 



|al<2fc 



Let us now take: 



k = < 



2 + 1, I even 



,^^ + 1, Zodd 



2A: — / + 1 = 3, / even 
2k -I + 1 = 2, I odd 



(3.13) 
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Then 2k-l + l>2, and hence: 



Now: 

P 



oo J,— I r°o ^//2fe— 1 



dp = — du 



{4k-l){2k-l) 



This allows us to conclude: 



2fc 



^(3«-l)/2 -j^ 

with given by (j3.13p . This proves the assertion. □ 
Remark 3.6. Thanks to Lemma 13.41 we immediately see that, when A{(,,x,h) = J-{Ci^{S,),x;h), 

^(^)/ = / Y.^^P^1'^^^h{poo,q)fdp (3.14) 
= [Y1 ^(p^ 1' n)e'^i''=^+'^P^'^'''^/^f{x + hpuj) dp f e l\t^) 

where, again, puj := (pwi, . . . ,puji). Explicitly, (13.10p and (13. 9j) become: 

A{h)emix) = e^«"+'?)'"U(n(a;, (m + q/2)),q, h) (3.15) 



A{q, h)em{x) = e*<(™+^)'"U(ft(w, (m + (7/2)), (7, n) (3.16) 

Remark 3.7. If ^ does not depend on x, then A{S,.,q.,h) = 0, g 7^ 0, and (|3.9p reduces to the 
standard (pseudo) differential action 

{A{ti)u){x) = Y A{mh,n)ume'^"''''^ = ^ A{-inV ,n)iL„^e'^'^'''^ (3.17) 
mez' mez' 

because —ihVem = mhem- On the other hand, if 7^ does not depend on ^ (j3.9p reduces to the 

standard multiplicative action 

{A{h)u){x) = J2 -^(9' ^y^"''''^ Yl ^^e^^'"'^'^ = A{x, ti)u{x) (3.18) 



Corollary 3.8. Let A{h) : L'^{T^) L'^{T^) be defined as m\3M Then: 
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(1) Vp > 0,VA; > we have: 

\\A{h)U.^L^ < \\A\\l, (3.19) 
and, if A{i,x,h) = A{Cui{C),x]h) 

\\A{h)\\L2^L2 < \\A\\p,k. (3.20) 

(2) 

{e^+s,A{q, ft)e„) = 5q^sA{{m + q/2))h, q, h) (3.21) 
(e„+„ yl(ft)e„) = A{{m + s/2)h, s, h) (3.22) 

and, if A{i,x,h) = T{C^{^), x; h) 

{em+s,F{q, h)em) = 5q^s^{{uj, (m + q/2))h, q, h) = 5q^s^{C^{m + s/2% q, h) (3.23) 
{em+s,F{h)em) = -F((w, {mh + sh/2)),s, h) = F{C^[mh + sh/2), s, h) (3.24) 

Equivalently: 

(cm, A{h)en) = A{{m + n)h/2, m-n,h) (3.25) 
(3) A{h) is an operator of order —oo, namely there exists C{k,s) > such that 

\\A{h)u\\Hk(ji) < C{k,s)\\u\\Hsi^ji), {k,s)eR,k>s (3.26) 

Proof. (1) Formulae p.lOp and p.20p are straighforward consequences of Formula (j2.23p . 

(2) a^TI^ immediately yields H^TM . In turn, (fHT^ follows at once by (fHTH . 

(3) The condition A £ J[p) entails: 

sup \A{i]q,h)\eP\'^\ < e^l"! max \\A{p;q,h)\\i ^ |g| ^ oo. (3.27) 

(5;;i)eR'x[0,l] ;iG[0,l] 



Therefore: 



\\A{h)u\\l, < J2 {l + \q\^)''A{m + q/2)h,q,h)\ 

((j,m)gZ' XZ' 



2 • lu P 



< Yl s^P(l + + q/2)h, q, h)\^ J] (1 + 



1 <7i"i 



= C{k,s)\\u\\ls 
C{k,s) := Ysnv{l + \q\'^)^\A{{m + q/2)h,q,h)^' 



1 <7i"i 



where < C(A;,s) < +oo by (j3.27p above. The Corollary is proved. □ 
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3.2. Compositions, Moyal brackets. We first list the main properties wliich are straightfor- 
ward consequences of the definition, as in the case of the standard Weyl quantization in R^'. First 
introduce the abbreviations 

t:={p,s); t' = {p,s'); ut := {puj , s) (3.28) 
a^{t' - t,t') := Hp' -p)uj,s') - iis' - s),p'uj) = {p'uj,s) - {s',puj). (3.29) 

Given F{h),Q{h) G Jk{p)-, define their twisted convolutions: 

{F{h)*g{h)){p, q; h) := [ F{t' - 1; h)g{t'- nym^^t' dx{t') (3.30) 



{nQ){x,th):= [ {F{tijig{h)){t,h)e'^'^^^+P''-^^U\{t) (3.31) 

C{p,q;h) :=- I T{t' - t, h)g{t' , h) sin[hn^{t' - t,t') /2] dX{t') (3.32) 

C{x,tn):= f C{p,s;h)e'P^-^^^+'^''^UX{t) (3.33) 

Once more by the same argument valid for the Weyl quantization in ]R^': 

Proposition 3.9. The following composition formulas hold: 

F{n)G{h)= f {F{h)*g{h)){t;h)Un{ujt)d\{t). (3.34) 

C{t]h)Un{ujt)d\{t) (3.35) 



ih 

Remark 3.10. The symbol of the product F{h)G{ti) is then (J^[j^)(£(^(^), x, ft) and the symbol of 
the commutator [F{h)^G{fi)\/ih is C(£(^(^), ft), which is by definition the Moyal bracket of the 
symbols F^g. From (j3.32p we get the asymptotic expansion: 

~ f-lVft2i . 

C(p,(z;^;ft) = j;|^-^D^(p,g;a;) (3.36) 

D^p,q;u) := [ F{t' - t,h)g{t' ,H)[n^{t' - t,ty dX{t') (3.37) 
whence the asymptotic expansion for the Moyal bracket 
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T .SI 

+j|=0 



\r+j\=0 



Remark that: 



{T.g}M{Cu.{0,x;h) = {F,g}{C^{i),x) + 0{h) (3.39) 
In particular, since is linear, we have T{i;x;h) e C°°(m' x x [0, 1]): 

{F,C^{0]M{C^{i),x;h) = {F,C^{i)}{C^{S),x;h) (3.40) 

The observables -F(C, a;; h) G ■^(/o) enjoy the crucial property of stability under compositions of 
their dependence on >C(^(C) (formulae (|3.3ip and (j3.33p above). As in [BGPj . we want to estimate 
the relevant quantum observables uniformly with respect to h, i.e. through the weighted norm 
(1236]). 

3.3. Uniform estimates. The following proposition is the heart of the estimates needed for the 
convergence of the KAM iteration. The proof will be given in the next (sub)section. Even though 
we could limit ourselves to symbols in J{p), we consider for the sake of generality and further 
reference also the general case of symbols belonging to j\p). 

Proposition 3.11. Let F, G £ jlip): k = 0,1, . . ., d = di + d2- Let T,Q be the corresponding 
symbols, and < d + di < p. Then: 

(1^) FG G jlip) and fulfills the estimate 

WFGh^L.) < mowU ^ + • mil, (3.41) 

[F G] 

(2^) — : G jI{p — d) and fulfills the estimate 



ih 

[F,G\ 



ih 



B(L2) 

(3t) G Jlip), and 

\\mU<ik+iH'm\U-MU (3-43) 

Moreover if F, G G Jk{p), k = 0,1, . . ., and F,g ^ Jk{p), then: 
(1) FG G Jfc(p) and fulfills the estimate 

\\FG\\b[l-) < mO\\p,k <ik + lH'm\p,k ■ \\Q\\p,k (3.44) 
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(2) 



ih 



G Jk{p — d) O'lT'd fulfills the estimate 



ih 



< \\{^,G}M\\p-d-di,k < 2 J '^J^, J \ ll-^llp.fc ■ ll^llp-rf.fc 

B(L2) e^di(d + di) 



(3) G Jkip) and 



\J'G\\p,k < (/c + l)4*^||-F||p,fc- 



(3.45) 
(3.46) 



Remark 3.12. The operators F{h) with the uniform norm ||i^||p^fc,A; = 0,1,... form a Banach 
subalgebra (without unit) of the algebra of the continuous operators in L^(T'). 

Before turning to the proof we state and prove two further useful results. 



Corollary 3.13. Let F,Q e Jkip), and let < d < p, r £ N. Then: 

i.j-j,j-rr STCX \ \ II / ^^2^5^^11i!||^| 



(3.47) 



Proof. We follow the argument of |BGPj . Lemma 3.5. If d = di + d2, (13.421) entails: 



< ^zrW^t'^ • \\S\\p-d2,k, Ck ■■= [k + 1)4^ 



M\\p-d,k ^ ^2dd^ 

r — 1 d 

because ||^||p-d,fc|| < ||^/||p-d2,A: di{d + di) < did. Set now ^2 = d which yields di = —. 

Then: 



Af ||p-d,fc 



< 



Ck 



\F\\ 



and 



I _ Ckv 

\p-^-^d,k (g^)2 

Ck 



\F\ 



p,k 



\G\\p-L^d,k 



\\{F,{F,g}M}M\\p-d,k < ^ ll-^llp,fc • \\{F,g}M\\p_L^d,k ^ 



edl,k' 



< (^^'^^'llFll^ IICII 



Iterating r times we get: 
1 



r! 



||{^,{^,-- - ,{J',G}m}m,---} 



A4\\p-d,k 



{CkvY 1 



The Stirling formula and the majorization r^^^;, < ||^||p,A; now yield (|3.47p . 



□ 



Proposition 3.14. Let F{£,]x;h) £ Jk{p), p > 0, /c = 0, 1, Then {F,Cuj}m G Jk{p — d) 

y < d < p and the following estimates hold: 



\\[F,Li^]/ih\\p_ii,k = \\{F,Cuj}M\\p-d,k < ^ll-^llp.fc 



(3.48) 
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,[F,Lj---]/{ihY\\p_d,k = ||{-^,-- - ,{J',^co}m-- - ,}M\\p-d,k 



(3.49) 



v/27r(r-l)(fc + l)# 



Proof. By (lOOll : 



dp 



and therefore: 



\\{:f,c^] 



M\\p~d,k 



<\\{:f,c 



10 J \\p—d,k 



< 



E 



(7 e 



(p-f^)!?! II TT II , < 

Ik g \\p,k — 



because |a;| < 1 by Remark 2.6. This proves (I3.48p . (13.490 is a direct consequence of Corollary 

Km □ 

3.4. Proof of Proposition 13.111 

3.4.1. Three lemmata. The proof will use the three following Lemmata. 

Lemma 3.15. Let p,p' £ ISJ, s,s' G m'. Define t := {p,s),t' := {p',s'). Let and fij{-) be 

defined by i3. 29\) and 112.1^) . respectively. Then: 



The proof is straightforward, because \Quj{t,t')\ < 2|t||t'| and |a;| < 1. 



Lemma 3.16. 



sinnx/2 



dh"-' 



< 



|^|m+l 
2"!+! 



(3.50) 



(3.51) 



Proof. Write: 
d"^ 1 



dK^h 
whence 



1 

— sin?ix/2 = — / cos ht/ 2 dt 



-h) 



dh"^ 2 



d"" smhx/2 



2m+l 



cos(™) {ht/2) dt < I t"" dt. 



2»Tt+l 



< 



2m+l 



t'-^dt 



^m|^|m+l Ixl"'^"'" 

2'"+i(m + 1) - 2™+i ■ 



□ 
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Lemma 3.17. Let ( J", G) € , < d + di < p, t = {p,s), t' = {p',s'), \t\ := \p\ + 
\t'\ := \p'\ + \s'\. Then: 

Proof. We have by definition 

\{T,g}M\\U_,^<l I / \Ht')Q{t' - t)\-\sinh{t' - t) M' /h\dX{t') 

< / e(''-'^-'^i)l*ldA(t) / \J^{t')\ ■ \g{t' - t)\ -lit'- t)\ ■ \t'\ dX{t') 

.(p-d-dim^m-^ I \Hu + t/2)g{u - t/2)\ ■ \u - t/2\ ■ \u + t/2\ d\{u) 

I ^(p-d-d,)(\x\ + \y\)^j:^^-^g^y-^\ . |^| . |y| dX{x)d\{y) < 

1 



R2i 



because sup \a\e = — > 0. □ 
3.4.2. Assertion (1^). By definition 

k 

\\mmml,k = iz I i9."[-^(t'-t,ft)a(t',;.)e^''^-(*'*'-*)]i/.,_,(t)e^i*idA(0dA(t) 

7=0 • 
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whence 



t 

p,k 

k 7 



E E f^l / \dr'[Ht' - 1, h)git', h)]\n^{t' - 1, tOlVfc-7(i)e^'*' dx{t')dx{t) = 
E E E f^l f^l / \d2~'~'Ht' - 1, n)dig{t', nmut' - 1, t')Y ^ik-,{t)e''\'\ dx{t')dX{t) 

7=0 i=0 i=0 iK2ixR2' 

By Lemma fS. 151 and the inequahty fik{t' — t)< 2^^"^ p,k{t')p,k{t) we get, with t = {p, s) : t' = {p', s') 

\^Ut' - t,t'w fik-^{t) < 2Vj(t' - t)fij{t')fik-j{t) 

< 2V,i' - t)f,jit')fik-^it)2^''-^y^fik-j{t' - 

< 2^'+('=-^)/Vfc-7+.(*' - t)pk^^+,{t) 

Denote now ■j— j — i = k — i = k — j" and remark that j < 'j' , i < 'J — j- Then: 
2^+(^-^)/Vfc-7+j-(*' - t)Pk-^+j{t) < 2V7'(i')/«7"(t) 



22 SANDRO GRAFFI AND THIERRY PAUL 

Since < 4'^ and the sum over k has {k + 1) terms we get: 

(A: + 1)4'= I |5^"^'-F(t'-t,ft)|a,t"^"g(t',ft)|^y(t'-t)^y/(t)e'''*l(iA(t')dA(0 

f JQill V "HP 2i 

-y',-y"=0 

Now we can repeat the argmnent of Lemma 13.171 to conclude: 

\\HmQmU<ik+^)^'mU-\ml,k 

which is ()3.4ip . Assertion (3^), formula ()3.43p is the particular case of (j3.4ip obtained for il^j = 0, 
and Assertion (3), formula (j3.46p . is in turn particular case of (|3.43p . 

3.4.3. Assertion{2'^) . By definition: 

\\{T{h),g{h)}M\\l^k = J2 I l^Ii^i^' - t,n)g{t',n) sin nn{t' - t,t')/h]\fik.^{t)ep^'^ dx{t')d\{t). 

Lemma 13.161 entails: 

\dismhn{t' -t,t')/h\ < \n{t' -t,t')\^+^ 

and therefore: 

\\{Hf^),gih)}M\\p,k < 

k 7 



EE f^l I |5r'■[-?(^'-^,^)a(^^?.)]|^^.(^'-^,^0P''Vfc-7(^)e^^'*'rfA(^')t^A(^) = 

Let us now absorb a factor |ila;(i' — ^;^')P ™ exactly the same way as above, and recall that 
\n^{t' - t,t')\ < \{t' - t)t'\. We end up with the inequality: 

\\{m,GmM\\lk< 

(A: + 1)4'= I Idl'^'yit' -t,h)\dt^'^g{t',n)\\t' -t\\t'\fiY{t' -t)fiy,{t')eP^^^^ 

Repeating once again the argument of Lemma 13.171 we finally get: 



which is (|3.42p . Once more, Assertion (2) is a particular case of (j3.42p and Assertion (1) a 
particular case of (j3.4ip . This completes the proof of Proposition 3.10. 
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4. A SHARPER VERSION OF THE SEMICLASSICAL EGOROV THEOREM 

Let US state and prove in this section a particular variant of the semiclassical Egorov theorem 
(see e.g.[Ro]) which estabhshes the relation between the unitary transformation g*'^^/*'' and the 



canonical transformation (j)y^^ generated by the flow of the symbol W{£,,x;h)\ 



n=o := Wo(e,x) 

(principal symbol) of W at time 1. The present version is sharper in the sense that the usual one 
allows for a 0{h°°) error term. 

Theorem 4.1. Let p > 0,k = 0,1, .. . and let A,W e jl{p) with symbols A, W. Then: 

■ eW ■ eW 

S, := e'— (L^ + A)e-'— = + B 

where: 

(1) yO<d<p,B^jl{p-d); 
(2) 



\B\ 



< 



(/fc + l)# I 

{edf 



1 - \e 



ik + \^\\mljde 



(3) Moreover the symbol B of B is such that: 

Cu. + B = {C^ + A) o ^l^^ + 0{h) 

where <I>yy^ is the Hamiltonian flow o/ Wq := W|ri=o at time e. 

(4) Assertions (1), (2), (3) hold true when {A,B,W) £ Jk{p) with \\A\\\^,^, 
replaced by \\A\\p^k, \\B\\p,k, l|W||p,fc- 



t 

p,k 



Proof. The proof is the same in both cases, since it it is based only on Proposition 13 . 1 ll Therefore 
we limit ourselves to the Jk{p) case. 

By Corollarv 13.81 Assertion (3), under the present assumptions H^iT^), the domain of the self- 
adjoint operator T{Lt^) + A, is left invariant by the unitary operator e^~ . Therefore on H^{T^) 
we can write the commutator expansion 



m=l m=l 

whence the corresponding expansions for the symbols 



[W,[W,...,[W,A] 



S{x, i- h, e) = CUO + V -^{W, {W,..., {W, £.}...} 

m=l 

+ ^^{W,{W,...,{W,A}m...}m 



M 



m=l 
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because {yV,C^}M = by the linearity of Now apply Corollaries 13.131 and I3.14[ We 

get, denoting once again = {k + 1)4^: 



( ' \ Til, ITh 

m=l m=l 

m — 1 m — 1 ^ ' 



m=l m=l 

E iS^ 1^' • • • ' ^] • • •] ll^^-i^ < II 5] ^{W, {W, . . . , {W, . . .}m lip-.,. 

m=l 771=1 



m=l ^ ^ 



Now define: 

ES^[^'[^"-"[^'^-]---] + ES^[^'[^'---'[^'^]---] (4-53) 

m=l m=l 

and remark that Vr? > we can always find < d' < d — r] such that V27rmd^"^ < {d')~^. 
Denoting (abuse of notation) d' = d we can write: 

ll^llp-d,. < ^^^J^f [1 - k|||W||p,,/d]-^ [Pll,,, + |e|||W||,,,/de] 

This proves assertions (1) and (2). 
By Remark 2.9, we have: 

CO ( \k 

J] ^{Wo, {W, . . . , {Wo, £ + ^} . . .} = e^^vvo + ^) 

fc=0 

where Cy\)QT = {W,-F} denote the Lie derivative with respect to the Hamiltonian flow generated 
by Wq. Now, by Taylor's theorem 

e^^^o + ^) = + A) o (x, 

and this concludes the proof of the Theorem. □ 

Remark 4.2. Let be a solution of the homological equation ()5.ip . Then the explicit expression 
of Wo clearly is: 



and 



^ec^o {T{C^) + eA) = T{L^) + eNQ,,{C^) + 0(e' 
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Thus Wo coincides with the expression obtained by first order canonical perturbation theory. 



5. HOMOLOGICAL EQUATION: SOLUTION AND ESTIMATE 

Let us briefly recall the well known KAM iteration in the quantum context. 
The first step consists in looking for an L^(T^)-unitary map Uo,£ = e*^^'^/'', Wq = Wq, such 
that 

So,e := Uo,e{Lu + e^o)f/o,e = J'lAL..) + ^^Vi,e, Vo := V, Ti^L^) = L^ + eNo{L^). 

Expanding to first order near e = we get that the two unknowns Wq and Nq must solve the 
equation 



ih 

Vi^e is the second order remainder of the expansion. Iterating the procedure: 



With abuse of notation, we denote by Tn^L^^^ h), M^^C^, ft), Vi^C^, ti) the corresponding sym- 
bols. 

The KAM iteration procedure requires therefore the solution in Jk{p) of the operator homological 
equation in the two unknowns W and M (here we have dropped the dependence on i and e, and 
changed the notation from to M to avoid confusion with what follows): 

^M^>. = M(L„) (5.1) 

ih 

with the requirement M{L^) G Jkip)', the solution has to be expressed in terms of the correspond- 
ing Weyl symbols W, V, TW) G Jk{p) in order to obtain estimates uniform with respect to h. 
Moreover, the remainder has to be estimated in terms of the estimates for W, M. 
Equation (15. ID . written for the symbols, becomes 

ft), e; n)}M + v{x, LUO; ft) = m{cU0, ft) (5-2) 

5.1. The homological equation. We will construct and estimate the solution of (|5.1|) . actually 
solving (j5.2|) and estimating its solution, under the following assumptions on J-": 

Condition (1) (n, ft) ^ T{u;h) G C°°(M x [0,1]; R); 
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Condition (2) 

inf duF{u; ti) > 0; lim ^l!^ = C>0 

(m,S)gRx[0,1] |m|->oo |n| 

uniformly with respect to h £ [0, 1]. 
Condition (3) Set: 

lCjr{u,'n,h) = — — ■ — ^ — — — — (5.3) 

J-{u + ri,h) — ~F{U, h) 

Then there is < A(J^) < +oo such that 

sup |/Cj-(n,??,?i)| < A. (5.4) 

«GR,r;GR,riG[0,l] 

The first result deals with the identification of the operators W and M through the determination 
of their matrix elements and corresponding symbols W and M. 

Proposition 5.1. Let V G J{p), p > 0, and let W and M he the minimal closed operators in 
L^(T") generated by the infinite matrices 

(e^,Tye^+„) = — th{em,Vem+q) ^ ^ ^^^^0 (5.5) 

{Cm, Mem) = {em, Vera), {Cm, Mem+q) = 0, q^O (5.6) 

on the eigenvector basis : m € of L^. Then: 

(1) W and M are continuous and solve the homological equation \5.1\) : 

(2) The symbols W{x,^]h) and M{£,,h) have the expression: 

MiC;h) = V{CUO;f^y, W{C^{0,x-h)= w(£.(0,g;%'<^'"> (5.7) 

W(£.(g),g;^):= , .V g^Q' W(£.(O;fi) = 0. (5.8) 

T{Cuj{0; h) - F[Cu,{i + q),h) 

Here the series in |5. 7| j is \\ • \\p convergent; V{Ci^{(,);h) is the 0-th coefficients in the 
Fourier expansion 0/ V(£tj(^), x, /i). 

Proof. Writing the homological equation in the eigenvector basis : ^tt- £ z' we get 

[T{L^),W] _^ ^ ^ M{L^)en)6m,n (5.9) 
in 

which immediately yields (|5.5|5.6p setting n = m + q. As far the continuity is concerned, we have: 

ih , ,„i V 

T77 TT/ V^, ^' r] := {q,uj)h. 



J^{{oj,m)h,h) — J^{{uj,{m + q))h,h) ' T{{uj,m)H,h) — T{{uj,m)h + r],h) 
and therefore, by (15. 4p and the diophantine condition: 

\{em,Wem+q)\ < 7| g]^ A| (e^ , Fe^+g 
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The assertion now follows by Corollary 13.81 which also entails the || • \\p convergence of the series 
(j5.7p because V ^ Jp. Finally, again by Corollary 13.81 formulae (|3.23p . (|3.24p . we can write 

{em, Wcm+q) = >V((tJ, (m + q/2))h, q, ft); (e^, Me^) = M{uj, m)n, ft) = V{£cj{uj, m)h, 0, ft) 

and this concludes the proof of the Proposition. □ 

The basic example of J- is the following one. Let: 

• Te{u,e;h) = u + <^i{u,e,n), ( = 0,1,2,... (5.10) 

• ^e{e,h) := eJ\fo{u;e,h) + e'^Afi{u;e,h) + . . . + eiJ\fi{u,e,h), £j := (5.11) 

where we assume holomorphy of e i— )• N's{u,e,h) in the unit disk and the existence of po > pi > 
. . . > Pi > such that: 

{Ns) maxlAAlp, < oo, 

|e|<l 

Denote, for ( GR: 

9e{u, C; e, fi) ■= ^ (5-12) 



Let furthermore: 



0< de < ... < do < po, 0<po:=p] (5.13) 

Ps+i = ps - ds > 0, s = 0, ...,£- 1 

e-i 

5r-=Y,di<p (5.14) 



and set, for j = 1, 2, 



s=0 



i,k{M,e) ei{N,e) := e,^o{N ,e). (5.15) 



By Remark 2.4 we have 



g,,,(AA,.) = ^ '"-'"^-"^-^ (5.16) 

Lemma 5.2. In the above assumptions: 

(1) For any R > the function ^ i— t- gi(u,(^,e,h) is holomorphic in {C, \ \C,\ < R \ < />}, 
uniformly on compacts with respect to {u,e,h) € M x M x [0, 1]; 

(2) For any nGnyj{{)}: 

snvMu,Q,e,h)T\p,<[e,{M,e)T (5.17) 
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(3) Let: 



Then: 



mcix9e{Af,e) <1, L > 0. (5.18) 

|e|<L 



sup |/Cj-(u,C,e,ft)|p, < • T \ . , (5.19) 



(4) 



sup \dig{u,C,e,h)\p, < e^j{M,e) (5.20) 

CeK 

sup \dig{uX,e,h)\p^ < 9ij{J\f,e) (5.21) 

(em 

sup \dig{uX,e,fi)\p, < 0ij{M,e). (5.22) 

Proof. The holomorphy is obvious given the holomorphy of Ms{u; e , h) . To prove the estimate 
(j5.17p . denoting Msip, £, h) the Fourier transform of Ms{S,, s, h) we write 

i ■ 

9e{u 



s=0 

which entails: 



,C,e,h) = ^Y.es [ Meip,e,h){e'<P-l)e''^Pdp= (5.23) 
£—1 

jY.^^ I ^fiiP,e,h)e'P^'^+^^/^smCp/2dp 



sup\gi{uX,£,fi)\pe = sup / |5£(p,C,e,?i)|e''*IPl dp 

CGR CGkA 

£-1 „ ^ ^-1 I .r I 

< max V|e,| / |AA,(p, e, ^je^^^-'^^^IPl dp < - V ks| = ^KAA, e, 1) < 4 < p,. 

Hence Assertion (3) of Proposition 13.11] considered for k = 0, immediately yields ()5.17p . Finally, 
if gi is defined by (|5.12p . then: 

^J-('",C,s,^) = 7: 



and the estimate (j5.19p follows from (|5.17p which makes possible the expansion into the geome- 
trical series 

1 ^ 



1 + 5K^>C,e,^) 



Y,i-'^r9i{uX,e,hr (5.24) 



n=0 

convergent in the 6i{Af,e) norm. To see ()5.20p . remark that ()5.23p yields: 

£-1 



dige{u,C,e,h) = ^Y.^^ I mP,e,h){ipye'P(^+^y^smCp/2dp. 
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Therefore: 

e-i .. 

sup \dig,{u,(:,e,h)\fH<^^V max 2 V / |A?;(p, e, S)| sinCp/2|/C|e''*lfl dp 
l-l . 

<sup max2y / |7V;(p, e, n)| sin Cp/2|/C|e(''^-'^=)|Pl dp 
< 



sup[|p| y |e,|e-'^^|Pl] max / \p\W{p,e,h)eP'^P^ dp 



(|5.2ip is proved by exactly the same argument. Finally, to show (|5.22p we write: 

e-i 

^^v\digi{u,C,,£,f^)\pi < sup max 2V \es\ / \d{Ms{p,e,h)\ • | sin Cp/2|/C|e^^l^l dp 

CGR CeK'iGlO,!] ^ Jk 

< max^|e,| j \diM{p,e,h)\e^P^~'^^^\P\ dp < O^iM ,e) 

This proves the Lemma. □ 

By Condition (1) the operator family h i— )• J^{Li^; e, h), defined by the spectral theorem, is 
self-adjoint in L^{T^); by Condition (2) D{F{L^)) = H^{T^). Since L^^ is a first order operator 
with symbol C^i, the symbol of J^{L^;e, h) is T{C^{S,),e, ti). We can now state the main result of 
this section. Let J-e{x,e,h) be as in Lemma 15.21 which entails the validity of Conditions (1), 
(2), (3). 

Theorem 5.3. Let Vi G Jk{pe), <i = 0,1 . . ., Vi = V for some pe > p^+i > 0, A; = 0, 1, Let 

Vi{Cui{C),x;e,h) £ Jk{p) be its symbol. Then for any 9i{M,e) < 1 the homological equation i l5.jp . 
rewritten as 

\-Ve = Ni{L^,£) (5.25) 

in 

e, ft), WKx, e, fi)}M + Ve(,x, L^{^)-e, h) = Ni{C^{i),e, h) (5.26) 

admits a unique solution (l^^jA'^) of Weyl symbols >V£(£cj(C)5 2;; e, ft), J\ft{Ci^{i),s,ti) such that 
(1) Wi = Wl E Jk{pi), with: 

\\Wi\\p,^,,k = m\pe+,,k < Ai£,k,em\\p„k (5.27) 



Aii,k,e)=j ^ 



{edgy 



2^+i(fc + l)2(^+i)fc^ • 
^ {e5eni-9e{Ar,e)]'^+^ ''^ 



(5.28) 
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(2) Mi = Vi; therefore Me £ Jkipi) and \\M\\p^^k < \\Ve\\p,,k- 

Proof. The proof of (2) is obvious and follows from the definition of the norms || • ||p and || • \\p^k- The 
self-adjointess property W = W* is implied by the construction itself, which makes W symmetric 
and bounded. 

Consider Wi as defined by ()5.7p . Under the present assumptions, by Lemma 15.21 we have: 

1 ihVe{Cu;{0;q;^,fi) 



By the || • ||p^ -convergence of the series ()5.24p we can write 



n=0 

We,n{^U^),Q;^,f^) = T^Ve{CUO;q;e,h)[ge{C^{0;{uj,q)h,e,H)r 



(5.29) 

(5.30) 
(5.31) 



j=0 

where denotes the total derivative with respect to h. We need the following preliminary result. 

Lemma 5.4. Let ({h) := {uj,q)h. Then: 
(1) 



(2) 



Proof. The expression of total derivative Dfig is: 



d d 

Dt,g{-,{uj,q)h,e,h) = {{uj,q) — + t^) ffKs C, ^)lc=(a;,g>fi 



By Leibnitz's formula we then have: 



Dige{-;{uj,q)h,e,h) = ^ r.]{u},q 



i=0 



(5.32) 



(5.33) 



(5.34) 



(5.35) 



Apply now (fMj) with /c = 0, (fCTj) and ([522]) • We get: 

d^-'gi d'ge 



< {j + 1)2^9, AM, sY 



pt 
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whence, since \uj\ < 1: 



DK> 



<{j + l){2y\qYe,,{N,e) 



(5.36) 



pe 



This proves Assertion (1). To prove Assertion (2), let us first note that 

Dgi D^ge 



" Dh''"' DW 



(5.37) 



where Pnj{x\, . . . ,Xj) is a homogeneous polynomial of degree n with terms. Explicitly: 



Pn,j I 9e, 



Dgi D^g, 



^)-±-'-' n 

^ 1=1 fc=i 



Now (I5:32]l . (lOm and Proposition EH] (3) entail: 



ji+...+jfc=j 
i2i 



This concludes the proof of the Lemma. 

To conclude the proof of the theorem, we must estimate the || • ||pf+i,fc 
9ft>V£,„(£(^(0,a;;e,/i). Obviously: 



□ 



norm of the derivatives 



(5.38) 



n=0 



For n = 0: 



\\W,fl{^,x-eMW.,<lYl I |9^W£,o(p,s;0INI>-fe-7(P^>^)e"^+^^'^'"''''^'^A(p,5) 

k 



7=0 

where the inequality follows again by the standard majorization 



gPe+i{\p\ + \s\) — Qpi{\p\ + \s\)^-de{\p\ + \s\) ^ SUp[|s|'^e~'^'^l*l] < 7 
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on account of the small denominator estimate (|1.25p . For n > we can write, on account of 
(I2.5I2.6D : 

^^p^|:i:G)/.,2(.-)e«i...K.) 



7=0 j=0 

where 



Qis, •) := / m-'MP; s; •)] * [Didl^ip; (w, s)h, ■)]fj.k^^{pu;, s) eP'\P\ dp 
Jr 

Here * denotes convolution with respect only to the p variable, and ^/'"(p, Cr) denotes the 
n— th convolution of ge with itself, i.e. the p- Fourier transform of g^. Now, by Assertion (3) of 
Proposition (|3.1ip and the above Lemma: 

/ Q(s,-)e^^l''di/(s) = 
Jr' 

I [OrMP; s; ■)] *5 [Digl^'^ip; {u;, s)h, ■)]fik-,{poo, s) e^'^d^'l+I^D dX{p, s) 



< 



q-'Mp; s; h)] * [DirHP; (w, s)h, ■)]\i^k-^ipu;, s) eP'\P\ dp 



<2Aijye,iM,er-^ / / \dr'Mp;s-,-)\f,k-^{pu;,s)eP'\P\\s\^e''^\^\ dpdv{s), 

.ibI Jo 



with 

AU) ■.= 2nU + m,j{M,ef. 
This yields, with defined by (|5.13p : 



k 

k 

-e,{M,er-^Y.f [ \d2Mp;s;-)\fik-^{pio,s)eP\P\eP\'\dX{p,s) 



^ 7T^(A; + 1)(2A(A:))'= k'' 
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Therefore, by (fOS]) : 

oo 

Pl+l,k < 



< 



n=0 

+ — (i^;^ — ^ ^ '^-^ ' 
1+ ^It i S a-^^nnw^)r 



1 + 



2'=+i(A; + l)2(fc+i)fcfc 



n=l 



because j < k, and 



+fc 



n=l n=l 



n=l 



dx'^ 1 



X 



j=0 



By the Stirhng formula this concludes the proof of the Theorem. 
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□ 



5.2. Towards KAM iteration. Let us now prove the estimate which represents the starting 
point of the KAM iteration: 

Theorem 5.5. Let and he as in Theorem \5.3l and let We be the solution of the homological 
equation 115. 1\) as constructed and estimated in Theorem \5.3[ Let i5.18]) hold and let furthermore 

\e\ < ee, £e '■- 



Then we have: 



where, V < 2d(^ < pi and k = 0,1, . . . : 

\\Vl+l,e\\pe-2di,k < C{£,k,e)- 



Pe,k 



(k + 1)242^ 
C{i,k,e) := ^ , 7,3 Aii,k.e 



l-\e,\A{i,k,e)\\V\\p,,k/di 
+ 1)4'= 



(ede) 

Here A{1, k, e) is defined by / f05|) . 



2+ 



{edif 



A{t,k.e)\m\p,,k 



(5.39) 

(5.40) 

(5.41) 
(5.42) 



Remark 5.6. We will verify in the next section (Remark 16. 261 below) that (j5.39p is actually fulfilled 
for |e| < l/|V|p. 
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Proof. To prove the theorem we need an auxihary result, namely: 



Lemma 5.7. Fori = 0,1,... let pe > 0,po := p, A £ Jk{p), We G Jk{pe), k = 0,1,.... Let 

W/ = Wi, and define: 

A,{h) := e^^t^^/'^Ae-''^^/^. (5.43) 
Then, for \e\ < (4/l|l^llpf+l,fc)^~^ and VO < d'g < pe, /c = 0, 1, . . .; 

W'^eKn- \\p-d'k ^ J, 1 iin.,11 TIT (t).44j 

Proof. Since the operators Wi and A are bounded, there is eo > such that the commutator 
expansion for ^^(^i): 

As{n) = f:^^m,m,...,m,A]...] 

m=0 

is norm convergent for |e| < Eq ii h g]0, 1[ is fixed. The corresponding expansion for the symbols 
is 

Mf^) = E ^^{^i^ {W, . . . , {Wi, A}m ■ ■ ■}m 
^-^ ml 

m=0 

Now we can apply once again Corollary 13. 131 We get, with the same abuse of notation of Theorem 
4.1: 

^um, {m, . . . , {m,A}M . . .ImIIp-^.^ < ^^^^ (^^f^) " "-^n^''^ (^-^^^ 



Therefore 



\Mmp,-d'„k < ^ ' \\Ai„k E \^r[\mu.k/d'eY 



and this concludes the proof. □ 

We solves the homological equation (15.111 . Then by Theorem 15.31 We = W^ G Jk{pe — di), 
/c = 0, 1, . . .; in turn, by Assertion (3) of Corollary 13.81 the unitary operator ^'^^e^t/^ leaves H^{T^) 
invariant. Therefore the unitary image of i/g under e*^«'^/'» ig the real-holomorphic operator family 
in L2(tO 

e^Se:= e'"^^'^/^{FeXL^) + eeVe)e-''-^^^^/\ D{S{e)) = H\t^) (5.46) 
Computing its Taylor expansion at = O with second order remainder we obtain: 

Seu = Fe[L^)u + eeNe{L^)u + ejVe+i,eU, u G H^{T^) (5.47) 
Ve,, . = 1 r (.. - t)e-^^l^ f + + ,\W.[WeVe\]\ 
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To see this, first remark that Sq = J^(L^). Next, we compute, as equalities between continuous 
operators in L^(T'): 

5/ = e'^^'^/^([:F,{L^),We]/ih + Ve + e,[V, W]/iti)e-''^'^'^ = 

gn ^ ^ie.Wdn^y^^^ ^ ^^y-^ ^ ^^^^^ V,\]/ {ihf)e-''^'^^/\ 

and this proves (I5.47P by the second order Taylor's formula with remainder: 

Se = 5(0) + eS'^ + \ r\e - t)S"{t), dt 
^ Jo 

The above formulae obviously yield 

||V;+i,,|| < max ||5"(t)|| (5.49) 

0<\t\<\se\ 

Set now: 

Re+i,e := [Ne, W,]/ih + [F,, We]/ih + ee[We, [We, Ve]]/{ihf (5.50) 
Re+i,e is a continuous operator in L^, corresponding to the symbol 

ne+i,siCUO,x;h) = {Me,We}M + {Ve,We}M + ei{We,{We,Ve}M}M (5.51) 

Let us estimate the three terms individually. By Theorems 15.31 and 13.111 we can write, with 
A{£,k,e) given by ([528]): 

\\[Ne,We]/ih\\p^_d,,k < \\Wi,m}M\\p,-d„k < ^^(^^^y \\m\\p,+,,k\\^e\\p„k 



(k + lU^ 

\m,we]/ihi^_,^^k < m,we}Mi,-d,,k < (erf^)2 miUkimUuk < 



(fe+ 1)4^= 
{edeY' 



\[We,[w,,ve]]/iihf\\,,.d„k < \\m,m,ve}M}M\\pM < . ,H \\m%^,,k\muk 



We can now apply Lemma 15.71 which yields: 
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where 



(h -I- 1 VA^I' 



< 



(A; + 1)242'= „ 



E{i,k) := Aii,k) 



Pe,k 



1 - |q 

yii,k)=Aii,k,ef 



i,k/d'(. 



l-\ei 



i,k/d'f. 



Therefore, summing the three inequahties we get 



Wi+l,e\\pi-di-d'k < 



^ ' -Aie,k,e)x 



l-\ee\\m\\p,^„k/d', 



{ediYed'^ 
2 + \et 



m?p„k L^i , {k + l)A^ 

(ed,)2 



A{i,k,e)\m\p,,k 



(5.52) 
(5.53) 



If we choose = this is (j5.4ip on account of Theorem 15. 3i This concludes the proof of Theorem 
E3 □ 



6. Recursive estimates 

Consider the £-th step of the KAM iteration. Summing up the results of the preceding Section 
we can write: 

= e^^*^^/''(J-,,e(L^) + e2V,,,)e— ^^^/'^ = J-,+i,,(L^) + e^+iF.+i,,, 

• Fi^eiLu^) = F{L^) + Y,^kNk{L^), [F^{L^),Wi]/ih + Vi^, = N^{L^,e) 

k=l 

•V,+i,e = \ rise - t)e'''^''^R,^,^te-'''^^l^dt 
^ Jo 

• Re+i,e ■■= [Ne,We]/h+ [We,Ve,s]/h + e,[Wi,m,V,,,]]/h^ 

We now proceed to obtain recursive estimates for the above quantities in the || • Wp^^k norm. 
Consider (j5.4ip and denote: 



CONVERGENCE OF A QUANTUM NORMAL FORM AND AN EXACT QUANTIZATION FORMULA 37 

where ee^k{-^f,s) is defined by (I536D . (fO) and ([O]) yield 



Set furthermore: 

Then we have: 
Lemma 6.1. Let: 



A{e,k,e) = jj^[i + uie,k)p{e,k,e)]. (6.3) 

p.., . _ ^{i,k)B{e,k,e)[2 + \ee\e^ie,k)Aii,k,sm,eU,k] 
^ ' ' ^' l-|e,|yl(£,A:,.)||V,,e||p,.M ^ ^ ^ 



|e£|^(£,A;,e)||V£,,||p,,fcM < 1- (6-5) 

Then: 

\\Ve+iJp,^,,k<E{i,k,e)\\VeJ%^k (6.6) 

Remark 6.2. The validity of the assumption (16. Sp is to be verified in Proposition 16.31 below. 

Proof. Since < 1, by (I5.42j) . (16. ip and (16. 3j) we can write: 

C{e, k, e) < ^{£, k)A{£, k, e)) [2 + \ee\e^i£, k)A{£, k, e)\\Ve,s \\p„k] (6.7) 
and therefore, by (I5.4ip : 

IIT A II ^ r~</ e I \ " '^"pe,k 



^ ^(A fc)^(A fe, £) [2 + \ee\e^{£, k)A{e, k, e)\\V,^, „^ , ,,2 p., , ^n; ||2 
l-\ee\Aii,k,em,s\Uk/de 1^1,,, = Ei£,k,emi,,,. 

This yields ()6.6p and proves the Lemma. □ 

Now recall that the sequence {pj} is decreasing. Therefore: 

\\^fJ,s\\p„k < \\^f,,s\\p„k = \\Vj,e\\p^,k < \\VjJp,,k, i = 0,... L (6.8) 

At this point we can specify the sequence di,i = 1,2, .. ., setting: 

^^^=(7TTF' ^ = 0'i'2'--- (6-9) 



Remark that ()6.9p yields 



00 2 
d di = p - — > -. 

£=0 
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as well as the following estimate 

n(£,A:)<&±lp^ (6.10) 
We are now in position to discuss the convergence of the recurrence (|6.6p . 
Proposition 6.3. Let: 

p> X{k) ■.= l + 8-fT^[2{k + lf]. (6.12) 
Then the following estimate holds: 

mjp,,k<{e'^'^'-^\\Vo\\p,k)'' = {e'^'^'^^\\Vo\^^^^^^ £ = 0,1,2,... Vo:=V. (6.13) 

Proof. We proceed by induction. The assertion is true for i = 0. Now assume inductively: 

kill|Vj,,||p^,fc < (A; + 2)-2-0'+i), < J < 1 (6.14) 

Out of (|6.14p we prove the validity of (j6.13p and of (|6.5p ; to complete the induction it will be 
enough to show that (I6.13P implies the validity of ()6.14p for j = i + 1. 

Let us first estimate 9i{J\f,e) as defined by (|5.15p assuming the validity of (j6.14p . We obtain: 

h{M,e) < 9,^u{M,e) < 5]|es|||V||p,,fcM = - J] (s + 1)2(A; + 2)-2-(«+i) = 

because r > ^ — 1 > 1. Now p > 1 entails that 

' <^. (6.15) 



l-Oe p-l 

Hence we get, by (|6.2p and (|5.16p . the further (£, e)— independent estimate: 
whence, by ()6.3p : 

Upon application of the inductive assumption we get: 
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\ee\^e,kA{e,k,s)\\V\\p,,k/de< ^ J.+t^fc+i {i + l?^^'\ee\A{£,k,e)\\V\l,,k 
because 

sup(£ + 1)2(^+4) ^ 2)-2(^+i)- = ( -Jt±±-)'^^^'^ (k + 2r^^^. 
e>o \2Tln{k + 2) J 

Hence: 

\ee\^e,kAi^,k,e)\\V\\p,,k/de < ^ (6.18) 

provided 

/9>A(A;); A(fc) = 1 + 87t^[2(A: + l)^]. (6.19) 



Since "^e^k > 1, if (|6l^ holds, ([6J8]l a fortiori yields 

\ee\A{e,k,e)\\V\\p,,k/di<^. 

Therefore, by (p^i]) : 

T-(£+l)2- 



£;(^,A;,e) < 3*£,fe>l(£,A;,e) < 67 \ ' ^e,k 

[epY 



and (16.61) in turn entails: 



||V^+i||p^+i,fc < ^i,km\'p,,k. ^i,k ■■= 67 ' 

This last inequality immediately yields 



m=0 



Now: 



r^42^[2(fc + l)2l'=+2 tM2^[2(A: + 1)21^+2 

i'{k,T,p) := 6 , , , -, , , , o — < 6 — , , , -I w, ^i. I , .3 < 

^ ' "^^ gfc+T+ipfc+T+3 — e A(A;) ~ 



^ r-42fe[2(fc + l)2]^-+2 ^ /2- ^ 

- e^+^+l[87T^2(A: + l)2]fc+r+3 - J ^r+l^k+T+3[2{k + l)2]^+i - 

6 

< 



^T+3^T2+2(^2e)^+i 



Therefore 
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^^(^'"'^)^ ^.+2,.^+2(2e).+i <l (6-21) 
because r > 1 and 7 > 1. As a consequence, since < ^i,k,j = 1, • • ., we get: 

m=l 

Now £{£ + 1) < 2^+\ y£eM. Hence we can write: 

1)(6+4t)£(£+1) ^ ^g{24+16r)j2'^+i^ 

The following estimate is thus estabhshed 

il^I^m,k<[e'^'^'^Y'''- (6.22) 

m=0 

If we now define: 

M:=e«(3+2-), /z,:=/ (6.23) 

then (lOm and IK22\i yield: 

l|Vm,.lk+i,fc < [/^^l|Vdlp„fc]' < [||V||p,fc ^lf^' (6.24) 

<[\\np,,kf^iee? <[\\V\\,,k^ef^' (6.25) 

Let us now prove out of (j6.24|6.25p that the condition (j6.14p preserves its validity also for j = £+1. 
We have indeed, by the inductive assumption ()6.14p and (j6.24p : 

|e,+i|V,+i,.llm,fe < mUkl^iSef < (A: + 2)-2-(^+i)e,(w)'l|V||p„fc 
< (fe + 2)-2-(^+i) [e^^llVlIp,,]'' < (fc + 2)-2-(^+2) 



provided 



< f^m.Mk + ^r ~ e24(3+2.)||v||^^,(fc + 2)2- :-^*(7,r,A;) (6.26) 



where the last expression follows from (I6.23p . This proves (I6.1ip . and concludes the proof of the 
Proposition. □ 

Theorem 6.4. [Final estimates of We, N^, Vi] 

Let V fulfill Assumption (H2-H4). Then the following estimates hold, \/£ € N.' 

ei\\W,^e\U^,,, <^{T-J{i + 1)2^(1 + 87r-[2(fc + 1)^])-^ • {^.e\\V\\,f . (6.27) 

ei\\Nt,e\\pe,k < ei\\Vt,e\\pe,k < [||V||pe^]'' . (6.28) 
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ee+i\\Ve+i,el,^„k<[\\V\\,efif^\ (6.29) 

Proof. Since V does not depend on h, obviously |V||p.fc = ||V||p. Then formula ()5.27p yields, 
on account of (IHTfl) . IKTE\\ . (f09]l . IK2M . and of the obvious inequalities ep''^ < 1, 

— 1) > 1 when p > A(A;): 

because of the straightforward inequality 

which in turn follows from 7 > 1. This proves (j6.27p . Moreover, since Mi^e = Ve^ei again by (j6.24p . 

ee\\MiJp^,k = ei\\Ve,e\\p,,k < [MpSnf . 

The remaining assertion follows once more from (j6.25p . This concludes the proof of the Theorem. 

□ 

Remark 6.5. dOT]) yields, with K := j (-Y (1 + 8jT''[2{k + if])'^: 



d, 

This yields: 

2 



00 



so that (15.39P is actually fulfilled for |e| < 



V||p 



Corollary 6.6. In the above assumptions set: 

n 

Un,e{h):=J{e''-^^-^'^, n = 0,l,.... (6.30) 



s=0 

Then: 



1) Un,e{h) is a unitary operator in L {T ), with 



n 

iesWs,i! 



s=0 
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(2) Let: 

Sn,e{f^) ■■= Un,em^u. + eV)UnAf^)~^ (6-31) 

Then: 

Sn = Dn,e{fl) + £n+lVn+l,e (6.32) 
n 

Dn,e{f^) = L^+Y,esNs,e (6.33) 

s=l 

The corresponding symbols are: 

5n(e, X; h) = Vn,e{CUO, h) + en+lVn+l,e{Cu^{i) , k) (6.34) 

n 

P„,,(£^(0,/i) = /:.;(0 + ^e.AA,,e(/:.;(0,^)- (6-35) 

Here the operators Wg^e, Ns,e, ^£+1,6 o-nd their symbols Ws,e, J^s,£, '^i+i,e fulfill the above 
estimates. 

(3) Let e* be defined as in i6.11\) . Remark that £*{■, k) > e*(-, + 1), A; = 0, 1, Then, if 

\e\ < e{k, ■): 

lim Vn,e{CUO, ft) = T^^A^UO, ft) (6.36) 
where in the convergence takes place in the C'^([0, 1]; C^(p/2)) topology, namely 

lim \\Vn,e{^U0,f^)-T^ooA^U0,f^)\\p/2,k = 0. (6.37) 

Proof. Since Assertions (1) and (2) are straightforward, we limit ourselves to the simple verifica- 
tion of Assertion (3). If \e\ < e*{-,k) then ||y||p^fc;ue < A < 1. Recalling that || • \\p^^k < || • ||p',fc 
whenever p < p' , and that p£ < p/2, G N, (|6.29p yields: 

en+l||V'„,+l,e||p/2,fc < Sn+l\\Vn+l,e\\p,i+i,k < 

[||y||p^fc^e]^ — )■ 0, n — )• c«, A; fixed. 

In the same way, by (j6.28p : 

\Wn,e\\p/2,k < \\-^n,e\\pn,k = \\Vn,e\\pn,k < ||V„,£||p„„fc < 

[||F||p_fc/xe]^ —^0, n — oo, /c fixed. —)• 0, n — oo, A; fixed. 
This concludes the proof of the Corollary. □ 



convergence of a quantum normal form and an exact quantization formula 
7. Convergence of the iteration and of the normal form. 
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Let us first prove the uniform convergence of the unitary transformation sequence as n ^ oo. 
Recall that £*{■, k) > £*{-,k + 1), k = 0,1, . . ., and recall the abbreviation || • ||p_o := || • \\p- Define 
moreover: 

e* :=e*=e*{j,T,0). (7.1) 
where e*(7,r, 0) is defined by (j6.26p . Then: 

Lemma 7.1. Let h be fixed, and |e| < Eq. Consider the sequence {Un^eif^)} unitary operators 
in L^(T') defined by 116. 30\) . Then there is a unitary operator Uoo,e{f^) L^(t') such that 

lim \\Un,e{h) - f7oo,e(?l)||L2^L2 = 
n— >oo 

Proof. Without loss we can take h= 1. We have, for p = 1, 2, . . .: 

TT _Tj — A , p*'^"'^". . . . pieM/i A , — ( pi<:n,+pW^+p _ i£^+iW„+i _ T\ 

\\Un+p,e — Un,e\\L^~^L^ < 2|| A„+p^e||j;^2_^i2 

Now we apply the mean value theorem and obtain 



whence, by ()6.27p in which we make k = 0: 

64^2^2r[2(A: + 1)2]4 



(7.2) 

for some A < 1. Now: 



^n+p,£ — [(1 + Pn+p,££n+p){,l + Pn+p-l,££n+p-l) •••(!+ I3n+l,££n+l)] — l^n+j,e^ 



+ ^ ^ Pn+ji,e^n+j\Pn+j2,£^n+j2 ~^ ^ ^ Pn+j\,£^n+j\(^n+j2,e^n+j2l^n+jz,e^n+jz 

jl<j2=l jl<j2<ji = l 

-|- . . . + l3n-\-\^£ ■ ■ ■ /Jn+p^eEn+l ' ' ' ^n+p 



44 SANDRO GRAFFI AND THIERRY PAUL 

Therefore, by (17:^ : 

p p p 

i=i ji<j2=i ii<j2<i3=i 



1 



I- A V 1 - ^" 



A" 1 

-J > 0, n — )• oo, y p > 



1 - ^'^ 1 - 

Hence {f7n,e(?i)}neN is a Cauchy sequence in the operator norm, uniformly with respect to |e| < £q, 
and the Lemma is proved. □ 

We are now in position to prove existence and analyticity of the hmit of the KAM iteration, 
whence the uniform convergence of the QNF. 

Proof of Theorems 11.61 and 11.71 

The operator family i^^ is self-adjoint in L^(T') with pure point spectrum Ve G R because V is 
a continuous operator. By Corollarv 16.61 the operator sequence {£'„^e(ft)}„gN admits for |e| < eg 
the uniform norm limit 

oo 

DoofiiLu), ft) = + ^ Njn,s{Lui-,h) 

m=0 

of symbol T>oo,h[C,u){£,))- The series is norm-convergent by ()6.28|) . By Lemma ()7.ip . Doo,h{L^,h) 
is unitarily equivalent to H^. The operator family e i— )• Doa,£{^) is holomorphic for |e| < Eq, 
uniformly with respect to /i G [0,1]. As a consequence, Doo,e{fi) admits the norm-convergent 
expansion: 

oo 

D^^e{L^,h) = L^ + J2Bs{Luj,fiy, |e| < £*q 

s=l 

which is the convergent quantum normal form. 

On the other hand, (j6.37p entails that the symbol T>oo,e[^ui[C)^^) is a j7(/3/2)-valued holo- 
morphic function of e, |e| < Eq, continuous with respect to ft G [0,1]. Therefore it admits the 
expansion 

oo 

V^^e{C^{i),h) = C^{i) + Y,Bs{C^{i),h)e'', \e\<e* (7.3) 

s=l 

convergent in the || • ||p/2-iiorm, with radius of convergence Eq. Hence, in the notation of Theorem 
[rni ^oo,e(>C(^(0)^) = ^oo,e{C,ijj{i),^)- By construction, Bs{Cu,{C),h) is the symbol of Bs{L^,h). 
Boo,e{i^u}{i)^ ^) is the symbol yielding the quantum normal form via Weyl's quantization. Likewise, 
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the symbol yVoceiC^x^f'-) is a J(/9/2)-valued holomorphic function of e, |e| < e*, continuous with 
respect to h £ [0, 1], and admits the expansion: 

oo 

Woo,e(e,x,S) = (C,x) + ^W,(e,x,S)e^ \e\<e*o (7.4) 

s=l 

convergent in the || • ||p/2"^oi'™) once more with radius of convergence £q. Since Since < 
llWslli < ||Ws||p/2 V/9 > 0. By construction, Boo,eiC,x,h) = ^oo.eC*, a;, ?i)|t=£„(^). The- 
orem [TTni is proved . Remark that the principal symbol of Boo,e{^uj{S,),f^) is just the convergent 
Birkhoff normal form: 

oo 
s=l 

Theorem (jl.7|) is a direct consequence of (|6.37|) on account of the fact that 

r 

max \\d2Boo{t-,e,h)\\p/2 < \\Boo\\p/2,k 

Remark indeed that by (|6.37p the series (j7.3p converges in the || • \\p/2,r norm if \e\ < e*{-,r). 
Therefore Bsit,h) G C"^([0, 1]; C"^({t G C\\Qt\ < p/2}) and the formula (fOT]) follows from ([73]) 
upon Weyl quantization. This concludes the proof of the Theorem. 



Appendix A. The quantum normal form 

The quantum normal form in the framework of semiclassical analysis has been introduced by 
Sjostrand We follow here the presentation of |BGP| . 

1. The formal construction Given the operator family e = L^^ + eV, look for a unitary 

transformation U{uj,e, ti) = e*^^")/'* : L^{T^) ^ L^{T^), W{£) = W*{£), such that: 

S{e) := UHeU-^ = L{uj) + eBi + e^B2 + . . . + e^Rk{e) (A.l) 
where [Bp, Lq] = 0, p = 1, . . . , /c — 1. Recall the formal commutator expansion: 

5(e) = ^tw{e)/n^^-uw(e)/n ^ g ^i^^^ ^ ^ 1 (^-2) 

1=0 

and look for W{e) under the form of a power series: W{e) = eWi + e'^W2 + . . .. Then (IA.2P 
becomes: 

k-l 

S{e) = Y,^"Ps+£^R^^^ (A.3) 

s=0 

where 

Po = L^; P,:=Hii^ + F„ s>l,Vi^V (A.4) 
in 
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V=\-l. V iWn,[Wj„...,[W,^,Ho]...] ^ 1 ^ [W,„[Wj,,...,[Wj^,V]...] 
' ^r! ^ (ihY ^^r\ ^ (ihY 

r=2 n+---+jr=s ^ I r=2 ji + .-.+ir=s-i ^ 

^W^Vl V [WndW,„...,[W,^,L^]...] ^ 1 ^ [Wj„[W,„...,[W,^,V] 
^ r\ ^ (ihY ^ r\ ^ (ihY 

r=k Ji+...+jr=fe ^ ^ r=k-l 3i + ...+jr=fc-i ^ ^ 

Since depends on Wi, . . . , W^-i, (Al) and (A3) yield the recursive homological equations: 

+ = S„ [Lo,Bs] = (A.5) 

To solve for S, Ws, Bg, we can equivalently look for their symbols. The equations ()A.2p . ()A.3p . 
()A.4p become, once written for the symbols: 

j:ie) = f2'Hi, 'Ho:=C^ + eV, Tii := ^^^^^^^f^ , I > I (A.6) 

1=0 



= ^ + e'=+iM('^+i) (A.7) 



s=0 



where 



Vo = £u.; rs:={Ws,Vo}M + Vs, s = l,..., Vi = Vo = V (Ai 
E 4 E {■^ii' • • • , {>V,„,£.}Af . . .}m + 



r! 



s-1 



r! 

r=l Jl + -.-+jr = s-l 



= E^ E {w,,,{w,„...,{w,v,/:4m...} 

r = fc ' jl + '-'+jr=*: 

oo 

E E {w,„{w,„...,{w,,,v}m...} 



r=fc— 1 ' ii + -.-+jr=fe-i 

In turn, the recursive homological equations become: 

{Ws,Cu.}m + Vs = Bs, {C^,Bs}m = (A.9) 

2. Solution of the homological equation and estimates of the solution 

The key remark is that {A,Cuj}m = {•^,^ui} for any smooth symbol A{£,;x;h) because C^^ is 
linear in The homological equation (A.9) becomes therefore 

{Ws,Cu} + Vs = l3s, {C^,Bs} = (A.IO) 
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We then have: 

Proposition A.l. Let Vs{(,,x;h) G J{ps)- Then the equation 

{Ws,C^} + Vs = Bs, {C^,Bs} = Q (A.ll) 
admits M Q < dg < Ps the solutions Bs{C^{£,'-, )h) G J{ps), W G J{p — dg) given by: 

Bs{C;h)=Vs; Ws{tx;h) = Cz'Vs, C^V, := V ^^^^^^^e^^"--). (A.12) 



Moreover: 

Proof. Bs and Wg defined by (A.12) clearly solve the homological equation (A.ll). The estimate 
for Bg is obvious, and the estimate for Wg follows once more by the small denominator inequality 
([L25]). □ 

By definition of || • ||p norm: 

\\Bg\\L^^L^ < \\Bg\\p < llVsllp^; ||-Bs||i2^£2 < \\Bs\\p < \\Vg\\p^ (A. 14) 

Hence all terms of the quantum normal form and the remainder can be recursively estimated in 
terms of ||V||p by Corollary 3.11. Setting now, for s > 1: 

Ps.= p-sdg, 4 < — 7—; Po ■= P 
s + 1 

we actually have, applying without modification the argument of |BGPj . Proposition 3.2: 
Proposition A. 2. Let p-g < 1/2, s = 1, . . . ,k. Set: 



K :-- 



p2+T 



Then the following estimates hold for the quantum normal form: 



s=l s=l 



\\Rk+i\\p/2 < l|Kfc+iL/2 < (i?i^)'+i(A; + l)(-+2)(fc+i)^fc+i 
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CONVERGENCE OF A QUANTUM NORMAL FORM AND AN EXACT 

QUANTIZATION FORMULA 



SANDRO GRAFFI AND THIERRY PAUL 

Abstract. Let the quantization of the linear flow of diophantine frequencies uj over the torus 
T', / > 1, namely the Schrodinger operator —ihw ■ V on L^(T'), be perturbed by the quantization 
of a function V„ : x M of the form 

V„(e, a:) = V{z o £„(C),a;), — uii^i + ... + uii^i 

where z V{z, x) : M x T' — s- M is real-holomorphic. We prove that the corresponding quantum 
normal form converges uniformly with respect to h & [0, 1]. Since the quantum normal form 
reduces to the classical one for h = 0, this result simultaneously yields an exact quantization 
formula for the quantum spectrum, as well as a convergence criterion for the Birkhoff normal form, 
valid for a class of perturbations holomorphic away from the origin. The main technical aspect 
concerns the quantum homological equation [F{—ihLj ■ V), W]/ih + V — N,F: M.-^M. being 
a smooth function e— close to the identity. Its solution is constructed, and estimated uniformly 
with respect to G [0, 1], by solving the equation {F{£.^),W}m + V = A/" for the corresponding 
symbols. Here {■, ■}m stands for the Moyal bracket. As a consequence, the KAM iteration for the 
symbols of the quantum operators can be implemented, and its convergence proved, uniformly 
with respect to (^, ?i, e) G x [0, 1] x {e £ C | |e| < e*}, where £* > is explicitly estimated 
in terms only of the diophantine constants. This in turn entails the uniform convergence of the 
quantum normal form. 
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1. Introduction 

1.1. Quantization formulae. The establishment of a quantization formula (QF) for the eigen- 
values of the Schrodinger operators is a classical mathematical problem of quantum mechanics (see 
e.g. |FMj ). To review the notion of QF, consider first a semiclassical pseudo differential operator 
H (for this notion, see e.g. [Ro] ) acting on L^(]r'), / > 1, of order m, self-adjoint with pure-point 
spectrum, with (Weyl) symbol aH{S,,x) G C°^(m' x ]R';M). 

Definition 1.1. We say that H admits an M -smooth exact QF, M >2, if there exists a function 
/i : {A,h) ^ n{A,h) G C^^(R' X [0, 1];M) such that: 

(1) ii(A,h) admits an asymptotic expansion up to order M in H uniformly on compacts with 
respect to A ^ R'; 

(2) \/h €]0, 1], there is a sequence uj^ := {u}^^, . . . ,nfcj C l} such that all eigenvalues Afc(fi-) of 
H admit the representation: 

\k{^) = ^i{nkh,h). (1.1) 

Remark 1.2. (Link with the Maslov index) Consider any function / : R' — t- R' with the property 
(/(^), V/i(A, 0)) = dnn{A, 0). Then we can rewrite the asymptotic expansion of fj, at second order 
as : 

Hiukh, h) = fi{nkh + hf{nkh)) + 0{h^). (1.2) 
When f{mh) = v, G Q', the Maslov index {Maj is recovered. Moreover, when 

\Xk{h) - n{nkh,h)\ = 0{h^'^), n^o, M>2 (1.3) 
then we speak of approximate QF of order M. 

Example 1.3. (Bohr-Sommerfeld-Einstein formula). Let an fulfill the conditions of the Liouville- 
Arnold theorem (see e.g. |Arlj . §50). Denote A = {Ai,...,Ai) G R' the action variables, and 
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E{Ai, . . . ,Ai) the symbol ajj expressed as a function of the action variables. Then the Bohr- 
Sommerfeld-Einstein formula (BSE) QF is 

Xn,n = E{{ni + u/4)n, . . . , (n, + iy/A)h) + 0{r?) (1.4) 

where v = v{l) GNU {0} is the Maslov index |Maj . When H is the Schrodinger operator, 
and an the corresponding classical Hamiltonian, (II. 4p yields the approximate eigenvalues, i.e. 
the approximate quantum energy levels. In the particular case of a quadratic, positive definite 
Hamiltonian, which can always be reduced to the harmonic oscillator with frequencies oji > 
0, . . . ,uji > 0, the BSE is an exact quantization formula in the sense of Definition 1.1 with v = 2, 
namely: 

/i(yl, h) = E{Ai + h/2, ...,Ai + h/2) = MM + h/2) 

k=l 

To our knowledge, if / > 1 the only known examples of exact QF in the sense of Definition 
1.1 correspond to classical systems integrable by separation of variables, such that each separated 
system admits in turn an exact QF, as in the case of the Coulomb potential (for exact QFs for 
general one-dimensional Schrodinger operators see [Vo] ) . For general integrable systems, only the 
approximate BSE formula is valid. Non-integrable systems admit a formal approximate QF, the 
so-called Einstein-Brillouin-Keller (EBK), recalled below, provided they possess a normal form to 
all orders. 

In this paper we consider a perturbation of a linear Hamiltonian on r*T' = m' X t', and 
prove that the corresponding quantized operator can be unitarily conjugated to a function of the 
differentiation operators via the construction of a quantum normal form which converges uniformly 
with respect to h £ [0, 1]. This yields immediately an exact, oo-smooth QF. The uniformity with 
respect to h yields also an explicit family of classical Hamiltonians admitting a convergent normal 
form, thus making the system integrable. 

1.2. Statement of the results. Consider the Hamiltonian family T-L^ : R' x T' — )■ R, (^,x) i— )■ 
HeiC^x), indexed by e G R, defined as follows: 

'Hs{^,x):=CUO+eV{x,0; CUO-={^,0, '^eM', VgC7~(r' xT';R). (1.5) 

Here ^ G R',x G are canonical coordinates on the phase space R' x t', the 2/— cylinder. C^{^) 
generates the linear Hamiltonian flow i— )• , Xj i— )• Xi -\-ujit on R' x t'. For / > 1 the dependence 
of V on ^ makes non-trivial the integrability of the flow of T-Ls when e 7^ 0, provided the frequencies 
u := (oji, . . . ,uji) are independent over Q and fulfill a diophantine condition such as ()1.26p below. 
Under this assumption it is well known that Ti^ admits a normal form at any order (for this 
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notion, see e.g. fXr2] . [5M] ). Namely, V7V G N a canonical bijection C^^n : x m' x t' close 
to the identity can be constructed in such a way that: 

N 

{■He o Ce,Nm = ^UO + Yl ^'=(^5 ^)^' + ^''~'''^N+lA^, x) (1.6) 

This makes the flow of T-Ls{(,,x) integrable up to an error of order e'^^^. Here Cg^N is the flow at 
time 1 generated by the Hamiltonian 

N 

Wf (C, x) := (C, x) + ^ Wfc(e, x)e\ (1.7) 

k=l 

The functions Wfc(^,x) : k' x t' — )• M are recursively computed by canonical perturbation theory 
via the standard Lie transform method of Deprit[De] and Hori |Hoj (see also e.g [Ca]). 

To describe the quantum counterpart, let = + eV be the operator in L^(t') of symbol 
Tis, with domain D{He) = i^^(T') and action specified as follows: 

I 

Mu £ D{Hs), HeU = L^u + Vu, L^u = ^^uj^DkU, D^u := -ihdx^u. (1.8) 

fc=i 

V is the Weyl quantization of V (formula (I1.27P below) . 

Since uniform quantum normal forms (see e.g. (Sj| , |BGP| . |Polj . |Po2] ) are not so well known 
as the classical ones, let us recall here their definition. The construction is reviewed in Appendix. 

Definition 1.4 (Quantum normal form (QNF)). We say that a family of operators e-close 
(in the norm resolvent topology) to Hq = L^^ admits a uniform quantum normal form (QNF) at 
any order if 

(i) There exists a sequence of continuous self-adjoint operators Wk{fi) in L^(t'), k = 1, . . . and 
a sequence of functions Bj^{^i, . . . ,^i,h) G C°°{M.^ x [0, 1];K), such that, defining VA^ G N 
the family of unitary operators: 

N 

UnM = e^^^■=('')/^ WnA^) = Y,Wme^ (1.9) 

k=l 

we have: 

N 

UN,e{^^)HeU*^A^) = L^ + Y,Bk{Di,...,Di,h)e'' + e''+' RN+i,s{f^). (1.10) 

fe=i 

(ii) The continuous operators Wt, Bk{D,h), Rn+i admit smooth symbols Wk,Bk,'R-N^i{e), 
which reduce to the classical normal form construction ^.6\) and ^1. 7| ) as h ^ 0: 

Bk{^-o) = Bk{0; Wk{C,x,o) = Wk{C,x), 7^Jv+l,.(x,C;0) =7^Jv+l,e(x,e) (i.n) 
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(jl.lOP entails that commutes with Hq up to an error of order e^"*"^; hence the following 
approximate QF formula holds for the eigenvalues of H^: 

N 

\n,e{h) = h{n, oj)+Y^ Bkinih, mh, h)e^ + 0(e^+^). (1.12) 

k=l 

Definition 1.5. (Smoothly and uniformly convergent quantum normal forms) We say that the 
QNF is smoothlly (with respect to (^,x) G m' x t') and uniformly (with respect to h) convergent, 
if there is e* > such that, for \e\ < e* and any oi,fi,^ G N', one has 

oo 

sup \D^D^Wk{tx;h)e''\ <+oo (1.13) 

f^^^ XT' X [0,1] 

CXD 

V sup \DjBk{C,h)e''\ < +00. (1.14) 

k = l «'X[0:1] 

()1.13|1.14p entail that, if |e| < e*, we can define the symbols 

00 

Woo{C,x;e,h) := x) + ^ Wfc(e, x; n)e^ G C^^ {R^ x t' x [0,e*] x [0,1]; C), (1.15) 

k=l 

00 
k=l 

such that, Vq,/3,7 G 

sup \D^D^Woo{^,x;e,h)- {^,x)\ <+oo, (1.17) 

R' XT' X [0,1] 

sup \D''Boo{^-e,h)\ <+infty (1.18) 

R'x[0,l] 

The uniform convergence of the QNF has the following straightforward consequences: 

(Al) By the Calderon-Vaillancourt theorem (see §5 below) the Weyl quantizations Woo{s,h), 
Boo{£,h) ofyVoo{^-,x;e,h), Boo{£,h) are continuous operator in L'^[T^). Then: 

^W^{e,h)/n-^^^-iW^{e,n)/h = B^{Di,...,Di;e,h). 

00 

B^{Di, ...,Di;e, h) := + Y,Bk{Di, ...,Di; h)e\ 

k=l 

(A2) The eigenvalues of Hf, are given by the exact quantization formula: 

\n{h,e) = Boo{nh,h,e), n G z', e G D* := {e G K | |e| < e*} (1.19) 

(A3) The classical normal form is convergent, uniformly on compacts with respect to G K', 
and therefore if e £ ^* the Hamiltonian T-Lir[^,x) is integrable. 
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Let us now state explicit conditions on V ensuring the uniform convergence of the QNF. 
Given J^[t,x) G C°°(M x t';M), consider its Fourier expansion 



:Fit,x) = J2Mty^''"^- (1-20) 
and define J^^j G C°°(R' x T^;R) in the following way: 

TU^,x) := TiCUO,^) = E ^-AOe'^^'^l (1-21) 

^.,.(0 ■■= o jr^m = I -F,(f,)e-^'^-(« dp = (1.22) 

= J^^g{p)e-'^'^Up, pco:={pu;i,...,pui). (1.23) 

Here, as above, = {^jO- 

Given p > 0, introduce the weighted norms: 

\\J'.Amp--= I \T,{p)\ef\^\\dp (1.24) 

We can now formulate the main result of this paper. Assume: 
(HI) There exist 7 > 0,r > Z such that the frequencies u fulfill the diophantine condition 

Ka;,g)|-i <7|gr, g G Z^ g 7^ 0. (1.26) 
(H2) is the Weyl quantization of Va;(^,x) (see Sect. 3 below), that is: 

Vu.f{x)= [ ^Vg{p)e'^'^'^>+''P^^'^>/^f{x + npu;)dp, f & L\t'). (1.27) 

Here Voj{^,x) = V{{uj,$,),x) for some smooth function V{t;x) : R x T' ^ M. 

(H3) There is p > 2 such that ||Va;||p < +00. 

Clearly under these conditions the operator family := + eV^, D{H^) = H^(t'-), e G M, is 
self-adjoint in L^(t') and has pure point spectrum. We can then state the main results. 

Theorem 1.6. (Uniform convergence) 

Assume the validity of conditions (H1-H3). Let the diophantine constants 7, r he such that: 

7T^(r + 2)^(^+2) < 1 (1.28) 
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Then Hf, admits a smoothly, uniformly convergent quantum normal form Boo,uii(,,£,h), in the 
sense of Definition 1.5. The radius of convergence is not smaller than: 

Furthermore Boo{t,e,h) is holomorphic with respect tot in {t£C \ < p/2}. 

Our second result concerns the regularity of l3oo,u){Ci h) with respect to h. This property will 
depend on the radius of convergence as shown in the following Theorem. Although this point is 
not discussed here, we believe that Btyo,uj{^] e, h) has Gevrey regularity with respect to the Planck 
constant. 

Theorem 1.7. (Regularity with respect to h). 

For r = 0, 1, . . . let the diophantine constants 7, r be such that: 

jT^r + T + 2)4(^+^+2) < 1. (1.30) 

and let: 

S(r, r):={e£C\ \e\ < e*(r, r)}, (1.31) 

^•(-.'•) = ^m^T^^^T2rmr'"" (^) 

Then, under the validity of conditions (H1-H3), there exists Cr = Cr{£*) > such that, for 
e G D{T,r): 



V max II 9^^oo,t^(-;e, ft) llp/2 < C'r, r = 0,l,... (1.33) 

;^n6[o,i] 

In particular: Boo^ui 

{£,;e,.) G C^([0, 1]) uniformly w.r.t. ^ G m' and \e\ < e*{T,r). 



Remark 

Since (see §2 below) functions 7-'(t, e, /i) such that sup ||7-"(-,e, ?i)||p are holomorphic w. r. t. tin 

h£[0,l] 

{t £ C\\Qt\ < p}, (|1.33p taken for r = yields a quantitative restatement of Theorem 11.61 

In view of Definition ll.il the following statement is a straightforward consequence of the above 
Theorems: 

Corollary 1.8 (Quantization formula). admits an exact, 00-smooth quantization formula in 
the sense of Definition 1.1. That is, Vr G N, V|e| < £*{T,k) given by ^.32\) . the eigenvalues of 
Hf, are expressed by the formula: 

00 

\{n,h,£) = Boo,uj{nh,£,h) = C^{nh) + ^Bs{C^{nh),h)e' (1.34) 

s=l 
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where -Soo,a;('^, e, ^) belongs to C""(]R' x [0,e*(-,r)] x [0,1]), and admits an asymptotic expansion at 
order r in h, uniformly on compacts with respect to 

Remarks 

(i) (I1.33P and (ll.34p entail also that the Einstein-Brillouin-Keller (EBK) quantization for- 
mula: 

oo 

An,f^(?j) := /:..(n;i) + ^S,(£^(nfi))e^ = ^^^^^(nri, e), n £ l! (1.35) 

s=l 

reproduces here Spec(f/'e) up to order h. 

(ii) Apart the classical Cherry theorem yielding convergence of the Birkhoff normal form for 
smooth perturbations of the harmonic flow with complex frequencies when / = 2 (see e.g. 
[SMj . §30; the uniform convergence of the QNF under these conditions is proved in |GV| ) . 
no simple convergence criterion seems to be known for the QNF nor for the classical NF as 
well. (See e.g. |PMj . |Zu] . [St] for reviews on convergence of normal forms). Assumptions 
(1) and (2) of Theorem 11.61 entail Assertion (A2) above. Hence they represent, to our 
knowledge, a first explicit convergence criterion for the NF. 

(iii) In comparison to earlier results on QNF and quantization formulas [BGP] . [Pol] . 
|Po2j . we remark that the present ones are exact and purely quantum: i.e. it they are valid 
for h fixed, and not only asymptotically as ?i — t- modulo an error term of order h°° or 

Remark that >Ccj(0 is also the form taken by harmonic-oscillator Hamiltonian in M^', 

I 

'PQ{r],y;uj) ■.= '^UJs{ril+yl), {rjs,ys) e M."^ , s = l,...,l 

s=l 

if expressed in terms of the action variables .^s > 0, s = 1, . . . , / , where 

6 := 'nl+yl = ZsZs, Zs := Vs + irjs- 
Assuming (jl.26p and the property 

I 

Bk{0 = {^koC^m=y'k{Y,^sZs^s), A: = 0,1,... (1.36) 

s=l 

Riissmann [ Ru] (see also [Ga]) proved convergence of the Birkhoff NF if the perturbation V, 
expressed as a function of (z,^), is in addition holomorphic at the origin in C^K No exphcit 
condition on V seems to be known ensuring both (|1.36p and the holomorphy. In this case instead 
we prove that the assumption V{(,,x) = V(£a;(0>^) entails (11.36p . uniformly in h £ [0, 1]; namely, 
we construct Ts{t; /i) : M x [0, 1] — )• M such that: 

Bs{C;h) = Ts{cU0;f^)-=J'u.A^;f^), s = o,i,... (1.37) 
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The conditions of Theorem 11.61 cannot however be transported to Riissmann's case: the map 

n-u \ I \ I'^i = -V^sinxi, . 
T{£.,x) = {ri,y):=< i = l,...,l, 

[yi = VZiCOSXi, 

namely, the inverse transformation into action-angle variable, is defined only on m'^_ x t' and does 
not preserve the analyticity at the origin. On the other hand, T is an analytic, canonical map 
between x and R^' \ {0,0}. Assuming for the sake of simplicity Vq = the image of Hi; 
under T is: 

I 

{UeoT){ii,y) = Y,^s{ril + yl)+e{VoT){ii,y) := Vo{v,y) + eri{ri,y) (1.38) 



where 



Viiv, y) = iVo T)ir], y) = ViMv, v) + Vijiv, y), (r/, y) G K^' \ {0, 0}. (1.39) 



Vs - Ws \ 



^k^T} :=i\VTs+yi 



=1 \ Vvs+yl J 

If V fulfills Assumption (H3) of Theorem 1 1.6 1 both these series converge uniformly in any compact 
of R^' away from the origin and Vi is holomorphic on R^^ \ {0,0}. Therefore Theorem [L6] imme- 
diately entails a convergence criterion for the Birkhoff normal form generated by perturbations 
holomorphic away from the origin. We state it under the form of a corollary: 

Corollary 1.9. (A convergence criterion for the Birkhoff normal form) Under the assumptions of 
Theorem ] 1.6\ on uo and V, consider on R^' \ {0, 0} the holomorphic Hamiltonian family Pe{r]^ y) := 
'Po(^) y) + £"^1(^1 y); e S R, where Vq andVi are defined by il. 38^1.39]) . Then the Birkhoff normal 
form of is uniformly convergent on any compact o/R^' \ {0,0} if \e\ < e*(7,r). 



I. 3. Strategy of the paper. The proof of Theorem 11.61 rests on an implementation in the quan- 
tum context of Riissmann's argument [Ru] yielding convergence of the KAM iteration when the 
complex variables {z,z) belong to an open neighbourhood of the origin in C^'. Conditions ([1.26^ 

II. 37P prevent the occurrence of accidental degeneracies among eigenvalues at any step of the quan- 
tum KAM iteration, in the same way as they prevent the formation of resonances at the same 
step in the classical case. However, the global nature of quantum mechanics prevents phase-space 
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localization; therefore, and this is the main difference, at each step the coefficients of the homo- 
logical equation for the operator symbols not only have an additional dependence on h but also 
have to be controlled up to infinity. These difficulties are overcome by exploiting the closeness to 
the identity of the whole procedure, introducing adapted spaces of symbols i(Section [2]), which 
account also for the properties of differentiability with respect to the Planck constant. The link 
between quantum and classical settings is provided by a sharp (i.e. without approximation) 
Egorov Theorem established in section [H Estimates for the solution of the quantum homological 
equation and their recursive properties are obtained in sections 15.11 (Theorem 15. 3p and 15.21 (The- 
orem 15. 5p respectively. Recursive estimates are established in Section [6] (Theorem 16. 5p and the 
proof of our main result is completed in section [71 The link with the usual construction of the 
quantum normal form described in Appendix. 



2. Norms and first estimates 

Let m,l = 1,2,. . . . For (^, x, h) ^ J"(^, x; h) G C°°{W x x [0, 1]; C) and (^, h) ^ g{C; h) G 
C°°(M'" X [0, 1]; C), consider, for p G M™" and q G the following Fourier transforms 

Definition 2.1 (Fourier transforms). 

^(p;ft) = ^^/^^a(^;ft)e-^<-'^>rfx (2.1) 

-^(^' 95 ^) ■■= (^^^ •^(^' ^)^"'^'''^ dx. (2.2) 



Note that 



H^,x■h) = Y,m.Q■.f^y-'^''^^ (2.3) 

Hp, q; f^) = 7:r^ [ m q; ^^-'^'^^ dx (2.4) 



It is convenient to rewrite the Fourier representations (j2.31 12. 4p under the form a single Lebesgue- 
Stieltjes integral. Consider the product measure on M*" x r': 

d\{t) := dpdv{s), t := (p,s) G X r'; (2.5) 

m I 

dp:=^dpk; (iz^(s) := 5{sh - qh), qh ^ '^,h = I, . . . ,1 (2.6) 

k=l h=lqh<Sh 

Then: 

F{^,x;h)= [ ^{p,s;h)e'^'^^+'^''^UXip,s) (2.7) 
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Definition 2.2 (Norms I). For p > 0, cr > 0, we introduce the weighted norms 

\g\l := max max / ||g(.;;.)||e-H dp. (2.8) 

Sg[0,l] ^ ' ^' RG[0,l]JHi 

k 

l^lU ■= max V 11(1 + |p|2)^c^,g(.;n)||^,(„„^^.l,,,^); \g\l^:=\g\l (2.9) 

. . 1 fjy 

Remark 2.3. By noticing that \p\ < \p' — p\ + \p'\ and that, for x > 0, x^e ^ < - - , we 

e \5J 

immediately get the inequahties 

\Tg\i<\T\l-\g\l (2.10) 

|(j_Ai/2)^|^_,<i(0'|^|t, k>0. (2.11) 

Set now for A: G NU {0}: 

/.fc(t):=(l + |t|2)l = (l + |p|2 + |s|2)l. (2.12) 

and note that 

fik{t-t')<2^fikit)pk{t'). (2.13) 

because |x — x'p < 2(|a;p + |x'p). 

Definition 2.4 (Norms II). Consider x; h) £ C°°(W^ x x [0, 1]; C), with Fourier expansion 

T{^,x;h) = J2H^,Q;f^y^'''''^ (2-14) 

(1) Set: 

:= max V / \f,k-,{p,s)d2^{p,s;h)\eP^^^\+^P^UX{p,s). (2.15) 

(2) Let be the set of functions $ : r' x t' x [0, 1] ^ C such that $(C, x; ti) = F{C^{i),x; h) 
for some T : M x t' x [0, 1] C. Define, for ^ (^O^: 

:= max V / \p^.^(j>u,,q)dlf(j>,s-h)y^^'^^^^\d\{p,s). (2.16) 

(3) Finally we denote Op^ {J-) the Weyl quantization of T recalled in Section\^ and 

Jlip) = {^|||^||J_,<oo}, (2.17) 
4(P) = {Op'^{J')\:FgJI{p)}, (2.18) 
Jk{p) = {J^eO^l \\T\\p,k < oo}, (2.19) 

■Up) = {Op^(^)|^e j-fc(p)}. (2.20) 
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Finally we denote: ^^(M'") := L^{R"^,e''\P\dp). 
Remark 2.5. Note that, ii J^{^,x,h) is independent of x, i.e. F{£,,q,h) = F{^,h)8qfi, then: 

mit = H,k^ rnUk = n,k (2.21) 

while in general 

||-^||p,fc < ||-^||/3',fc' whenever k > k', p < p'; (2.22) 

Remark 2.6. (Regularity properties) 
Let T G Jlip), k>0. Then: 

(1) There exists K(a,p,k) such that 

max\\Ti^,x;h)\\cc.^^m^^i)<K\\T\\lj^, aGN (2.23) 

and analogous statement for the norm || • \\p^k- 

(2) Let p > 0, A; > 0. Then J^iC,x;h) G C'=([0, 1]; C^({|9^| < p} x < p}) and 

sup |^(C,x;;i)| < ll^ll);;,. (2.24) 

{|3el<p}x{|3a;|<p} 

Analogous statements for T G Jk{p)- 
We will show in section [3] that: 

WOp"^ {F)\\b{l^) < II-^IIm. VA:, p > 0. (2.25) 

In what follows we will often use the notation T also to denote the function T{C^{S^)), and, 
correspondingly, ||J-"||p,fc to denote ||-Fa;||p,fc; because the indication of the belonging to J or j\ 
respectively, is already sufficient to mark the distinction of the two cases. 

Remark 2.7. Without loss of generality we may assume: 

\oj\ := \uji\ + + < 1 (2.26) 

Indeed, the general case \uj\ = a\uj'\, \uj'\ < 1, a > arbitrary reduces to the former one just by 
the rescaling e — )• ae. 
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3. WeYL QUANTIZATION, MATRIX ELEMENTS, COMMUTATOR ESTIMATES 

3.1. Weyl quantization: action and matrix elements. We sum up here the canonical (Weyl) 
quantization procedure for functions (classical observables) defined on the phase space m' x T'. In 
the present case it seems more convenient to consider the representation (unique up to unitary 
equivalences) of the natural Heisenberg group on x t'. Of course this procedure yields the 
same quantization as the standard one via the Brezin-Weil-Zak transform (see e.g. [Fo] , §1.10) 
and has already been employed in |CdV| . |Pol| . [Po2] ). 

Let Mi{R'' X r' X M) be the Heisenberg group over M^'+^ (see e.g.fFb], Chapt.l). Since the dual 
space of m' x t' under the Fourier transformation is m' x z', the relevant Heisenberg group here 
is the subgroup of ]!;(»' x x M), denoted by H/(R' x z' x R), defined as follows: 

Definition 3.1 (Heisenberg group). Let u := {p,q),p e R',g G Z', and let t e R. Then Mi{R'' x 
z' X R) is the subgroup o/H/(R' x R^ x R) topologically equivalent to R^ x z' x R with group law 

(u, t)-{v,s) = {u + v,t + s + ^n{u, v)) (3.1) 

Here Q{u,v) is the canonical 2— form on M} x z'; 

Q{u,v) := {ui,V2) - {vi,U2) (3.2) 

Hi(R' X z' X R) is the Lie group generated via the exponential map from the Heisenberg Lie 
algebra Ti£i (z' x r' x R) defined as the vector space r' x z' x R with Lie bracket 

[iu,t)-{v,s)] = {0,0,n{u,v)) (3.3) 

The unitary representations of ]HIi(R' x z' x R) in L^(t') are defined as follows 

{Unip, q, t)f){x) := e^^'+^(i^-)+HP-i)/2 + f^p-^ (3.4) 

y h 0,y {p,q,t) G V / G L^(T'). These representations fulfill the Weyl commutation relations 

UniuY = Un{-u), Un{u)Un{v) = e'^'"^'^'^^ U {u + v) (3.5) 

For any fixed h > Un defines the Schrodinger representation of the Weyl commutation relations, 
which also in this case is unique up to unitary equivalences (see e.g. |Fbj, §1.10). 

Consider now a family of smooth phase-space functions indexed by h, A{^, x, h) : R' xT' x [0, 1] 
C, written under its Fourier representation 

A{i,x,h)= f ^i:(p,g;fi)e^«P-«>+<'?'^>)(ip= /" l(p, s; fi)e^«P-«>+<^'^>) dA(p, s) (3.6) 
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Definition 3.2 (Weyl quantization). The (Weyl) quantization of A{$,,x;h) is the operator A{h) 
definde as 

{A{h)f){x):= [ J2A{p,q;h)Un{p,q)f{x)dp (3.7) 
A{p, s; h)Un{p, s)f{x) dX{p, s) / G L\r') 



Remark 3.3. Formula (j3.7p can be also be written as 

(A(n)/)(x) = J^ where ^(g,;.)/, {A{q,h)f){x)=f A{p,q;h)Unip,q)f{x)dp (3.8) 

From this we compute the action of A{h) on the canonical basis in L^(T'): 

em{x) := (27r)-'/2e^K^>, x G t', m G 

We have: 
Lemma 3.4. 

A{h)eUx) = e'^('"+'?)'">I(n(m + q/2),q, h) (3.9) 



Proof. By (13. Sp . it is enough to prove that the action of A{q, h) is 

A(g, n)e„(x) = e*«™+'')'"U(n(m + g/2), g, ?i) (3.10) 
Applying Definition 13.21 we can indeed write: 

{A{q,h)em){x) = (27r)~'/2 f ^; ;i)e*<9'^)+^''<P.9)/2e*<™'(^+'^P)) dp 

= (2^)-'/2e^<(™+5)'^> / l(p; ;i)e*'"'(P'(™+'?/2)) = e^«™+9)'^)l(;i(m + g/2), g, h). 

□ 

We note for further reference an obvious consequence of (j3.10p : 

{A{q,h)em,A{q,h)en)L^(^Ti)=0^ m ^ n; {A{r,h)em, A{q,h)en) = 0, r q. (3.11) 

As in the case of the usual Weyl quantization, formula ()3.7p makes sense for tempered distributions 
A{(,,x;h) |Fo] . Indeed we prove in this context, for the sake of completeness, a simpler, but less 
general, version of the standard Calderon-Vaillancourt criterion: 

Proposition 3.5. Let A{h) by defined by |g. 7\ ). Then 

\\A{h)\\L2^L^ < — -• Yl II^Me,X;ft)llL-(R^xTO- (3-12) 
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where 



k = < 



1 + 1, / even 



,^^ + 1, /odd. 



Proof. Consider the Fourier expansion 

u 



(x) = Umemix), u G L^{T^). 



Since: 



ft)nmem|P = \A{h{m + q/2),q,h)\^ ■ \umf 
by Lemma [33] and (j3.1ip we get: 

\\A{h)uf < Yl \\M(l,f^)ume 

(g,m)gz' XZ' 



mil - Yl \AKm + q/2),q,h)\ 



2 • In |2 

I "m 



m I 



Y supi^(e,g,ft)i 



2|| ||2 



< sup|^(e,g,ft) 



?\\uf 



Therefore: 



\\A{h)\\L2^L2 < Y SUp|^(e,(?,ft)|. 

Integration by parts entails that, for A; G N, and G C°°(t'): 



< 



1 



i + kP'^ 

—^(2.)' sup \d-^9{x)\. 



|a|<2A; 



Let us now take: 



''1 + 1, / even 



k = I 



K 2 



Then 2A; - / + 1 > 2, and hence: 



^ + 1, I odd 



2A; — / + 1 = 3, I even 
2A: - / + 1 = 2, /odd 



1 



2k 



Now: 



< 2 



■ dp 



< 2 



i 1 + llnP'^ - r(^) Jo l + P^'' 



■ dp. 



1 /""^ yl/'ik — l 



1 + n 



1 + /92^ 2/;: 



(4A:-/)(2A:-/) 



(3.13) 
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This allows us to conclude: 

i^t^)\\l°°(rIxT'-) ' 2fc 
q£Z' ^ |a|<2fc <jez' 

(3«-l)/2 1 

with given by (j3.13p . This proves the assertion. □ 
Remark 3.6. Thanks to Lemma 13.41 we immediately see that, when A{S,,x,h) = J-{Ci^{S,),x;h), 

Mt^)f= I Y.^(P^'i-^f')^hipuJ,q)fdp (3.14) 

where, again, poj := (pwi, . . . ,puji). Explicitly, (|3.1U|) and (|3.9|) become: 

A{h)e^{x) = ^e*«'"+^)'^>^(n(..,(m + g/2)),g,;.) (3.15) 

A{q, h)e^{x) = e^«-+'?)-^-)^(?i(a;, (m + g/2)), g, ?i) (3.16) 

Remark 3.7. If ^ does not depend on x, then ^(^,g, /i) = 0,(^/0, and ()3.9p reduces to the 
standard (pseudo) differential action 

{A{h)u){x) = A{mh,n)ume^^'^'''^ = ^ A{-ihV ,n)iLme'^'^'''^ (3.17) 

because —ihVem = rnhem- On the other hand, if ^ does not depend on ^ (|3.9p reduces to the 
standard multiplicative action 

{A{h)u){x) = Y Aq^ ?i)e*<«'^> Yl Sme^^™'^> = A{x, h)u{x) (3.18) 

Corollary 3.8. Let A{h) : L^{T^) L^{T^) be defined by ([221) (Defimtion\TW o^^d A{q,h) by 
dSSI). Then: 

(1) \/p > 0,\/ k > we have: 

\\A{h)h.^L. < \\A\\l, (3.19) 
and, if A{^,x,h) = A{Ci^{^),x;h) 

\\A{h)\\L2^L^ < \\A\\p,k. (3.20) 
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(2) 

{em+s,MQ^ ^)em) = 6q^sA{{m + q/2))h, q, h) (3.21) 
{em+s,A{h)e.ra) = A{{m + s/2)ft, s, ti) = {2i:y'^ / A{{m + s/2)h, x, h)e-'^''''Ux (3.22) 



and, if A{i,x,h) = F{Ct^{£),x;h) 

{em+s, A{q, h)em) = 5q^s^{{oj, {m + q/2))h, q, ti) = 5q^s^{C^{m + s/2)fi, q, ti) (3.23) 
{em+s, A{ti)em) = ^{{uJ, (mh + sh/2)),s, ti) = F{C^{mh + sh/2), s, ti) (3.24) 

Equivalently: 

(cm, A{ti)en) = ^{{oj, {m + n))h/2, m-n,ti) (3.25) 
(3) A{ti) is an operator of order —oo, namely there exists C{k,s) > such that 

\\A{h)u\\jjk(ji) < C{k,s)\\u\\Hs(ji), {k,s)eM.,k>s (3.26) 

Proof. (1) Formulae (j3.19|) and (j3.20p are straighforward consequences of Formula (j2.23p . 

(2) dMD and (fXTUD immediately yield ([^^ and ([222]) • Moreover, (fX^ immediately yields 
(|3:2iD . In turn, (l3:23|) follows at once by (I3TTO . 

(3) The condition ^ G i7(p) entails: 



sup |^(^;g,;i)|e''l''l < e^l"! max P(p;g,ft)||i ^ 0, \q\ oo. (3.27) 

(e;?i)eR'x[0,l] h€[0,l] 



Therefore: 



\\Aih)u\\l, < Yl il + \q\^?Aiim + q/2)h,q,h)\^ -luml^ 

((j,m)gZ' XZ' 

< 5] sup(l + |g|Y|J((m + g/2);i,g,;i)|2 ^ (1 + jmp) 

= C(fc,5)||n||2,. 
C(A;,s) := Ysnp{l + \q\^)''\Aiim + q/2)h,q,h)\^ 

where < C{k, s) < +oo by (|3.27p above. The Corollary is proved. □ 

3.2. Compositions, Moyal brackets. We first list the main properties which are straightfor- 
ward consequences of the definition, as in the case of the standard Weyl quantization in R^'. First 
introduce the abbreviations 

t:=ip,sy, t' = {p',s')- ujt:={puj,s) (3.28) 
Vt^it' - t,t') := {{p'-p)u,s') - {{s' - s),p'oj) = {p'co,s) - {s',pco). (3.29) 
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Given F{h),Q{h) G Jk{p)-, define their twisted convolutions: 



{F{ti)*g{ti)){p,q;h) := [ T{t' -t;H)g{t';H)e'^^^-^''-'^''^/^UX{t') (3.30) 

Jrxr' 

{ng){x,th):= [ {T{h)*gih)){t,h)e"^''^^+P^-^^Uxit) (3.31) 
Jrxr^ 

C{p,q;h):=- T{t' - t,h)g{t' ,h) sin[nn^{t' - t,t')/2]dX{t') (3.32) 

^ JmxR'- 

C{x,C;h) := [ C{p,s;h)e'P^-'^^^+'^''''UX{t) (3.33) 



Once more by the same argument vahd for the Weyl quantization in R^': 
Proposition 3.9. The following composition formulas hold: 

F{h)G{h)= f {Tih)*g{h)){t;h)Un{ujt)dX{t). (3.34) 



ih 



C{t;h)Un{ujt)dX{t) (3.35) 



XI 



Remark 3.10. The symbol of the product F(h)G{h) is then (J^[j^)(£(^(^), x, ft) and the symbol of 
the commutator [F(h),G{h)]/ih is C{Cuj{$,), x; h), which is by definition the Moyal bracket of the 
symbols J-,g. Prom (j3.32p we get the asymptotic expansion: 

C{p,q;u;;h)='£ ) D^{p,q-u) (3.36) 



D\p,q-uo):= T{t' - t,n)g{t' ,h)[n^{t' - t,t'y dx{t') (3.37) 

Jrxr' 

whence the asymptotic expansion for the Moyal bracket 

{T,g}M{CUO,x;h) = {T,g}{/:u>{0,^,f^)+ (3.38) 



(-l)\r\tj\r+j\ 

E — K^o^cH^UO,^)] ■ [u^d^d:G{CM),x,h)] - 

T .SI 

+i|=o 

^ ^"^^''^'f ^'' [a>a^g(£.(g),:r)] • [a;0^a-F(£^(g),x,ft)] 



|r+j|=0 

Remark that: 

{j',g}M{c^{i),x-h) = {F,g]{c^{0,x) + o{h) (3.39) 
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In particular, since L^^{S,) is linear, we have 'i F{S,;x;h) G C°°(R' x t' x [0, 1]): 

{T,C^{i)}M{Cu,{i),x;h) = {F,C^{0}{C^{i),x;h) (3.40) 

The observables x; h) € J{p) enjoy the crucial property of stability under compositions of 
their dependence on (formulae (|3.3ip and (|3.33p above). As in |BGPj . we want to estimate 

the relevant quantum observables uniformly with respect to i.e. through the weighted norm 

3.3. Uniform estimates. The following proposition is the heart of the estimates needed for the 
convergence of the KAM iteration. The proof will be given in the next (sub)section. Even though 
we could limit ourselves to symbols in J{p), we consider for the sake of generality and further 
reference also the general case of symbols belonging to j\p). 

Proposition 3.11. Let F, G ^ ■Jlip)) k = 0,1, . . ., d = di + d2- Let F,Q he the corresponding 
symbols, and < d + di < p. Then: 

(1^) FG G J^ip) and fulfills the estimate 

iiFG|is(^.) < mowl, <ik+ iH'mlt ■ m\U (3-41) 



\F G] 

(2T) — — G Jk^P~d) and fulfills the estimate 



ih 



[F,G\ 



ih 



<\\{^,0} 



M\ 



it 

I p—d—di ,k 



< 



{k + 1)# 

e'^di{d + di 



p—d,k 



(3t) Fg £ Jl{p), and 



\mU<{k+i)^'mU-\\Q\\l, 



(3.42) 



(3.43) 



Moreover if F, G £ Jk{p), A; = 0, 1, . . ., and F,Q £ Jk{p), then: 
(1) FG G Jk{p) and fulfills the estimate 

II^g||b(l2) < mQWp^k <{k + i)4'=||^||p,fc • \\Q\\p,k 



(2) 



ih 



G Jk{p — d) md fulfills the estimate 



[F,G] 



ih 



< G}M\\p-d-di,k < 



{k + 1)4^= 
e^di{d + di 



\\J^\ 



p,k 



I p—d,k 



(3) TG G Jk{p) and 



\J'G\\p,k < (,k + l)4''\\T\\p,k-\\G\\p,k. 



(3.44) 

(3.45) 
(3.46) 



Remark 3.12. The operators F{h) with the uniform norm ||F||pfc,A; = 0,1,... form a Banach 
subalgebra (without unit) of the algebra of the continuous operators in L^(T'). 
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Before turning to the proof we state and prove two further useful results. 



Corollary 3.13. Let T,g £ Jk{p), and let < d < p, r £ N. Then: 

^\\ {T,{^,...,{^; Ohi}M...}Mh-d,k < (^^^^) imi^ll^IlM (3-47) 

r times 

Proof. We follow the argument of |BGPj . Lemma 3.5. If d + = d2, (3.42) entails: 
\\{J',G}M\\p-d,,k < • \mp-d,k, Ck := {k + 1)AK 

Set now d = d2 which yields di = —. Then: 

r r 

\\{F,g}M\\p-d2,k < -^^\\Hp,k ■ \\G\\p-i^d2,k = (^)2ll-^llp.fc ■ \\^\\p-^d2,k- (3-48) 

Therefore: 

\\{J',{J',G}M}M\\p-d2,k < (^^^)2 ll-^llp.fc ■ ll{-^;^}A/||p_i:^rf2,fc- 

r - 1 

To estimate ^}Af |L_i^^ ^ we repeat the argument yielding (|3.48|) with d2 in place of 

d2- We get: 



02 = d2 + -d2 

r r r 



and therefore 



{ed 



2 iyzj) II-^IIm ■ Il^llp-^d2,fc 



whence 



||{-F,{.F,g}M}M||p-.„fc < ^ (^) . Iieil,.::^,^,, 



Iterating r times we get: 



1 {CkrYr'^''^^ 

— II {J", { • • , {J^^ , gjAflM, • • • }M\\p-d2,k < (e^^)2r^|2 H-^Hm ' ll^llp,fc- (3-49) 

r times 



By the Stirling formula: 



.2r+l 111 1 
< ^ : — - < 



Since Cfc = (A; + 1)4'=, yields (lOT]) up to the abuse of notation d2 = d. □ 
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Corollary 3.14. Let F{i;x;h) G Jk{p), p > 0, k = 0,1,.... Then {T,C^}m G Jkip - d) 
y < d < p and the following estimates hold: 

\\[F,L^]/ih\\p_d,k = \\{J^,J^w}M\\p-d,k < ■^\\J^\\p,k (3.50) 
,[F ,L^]---]/{zhY\\p_d^k = \\{J',--- ,{^,^o.}M---}M\\p-d,k (3.51) 

r times 

1 /(fc+i)#Y 

- ed\ ed^ J " "'''^ 
Proof. By (IMjl : 

q&l} 

and therefore: 

\\{:F,c^}M\\p-d,k < ||{-^,/:^}||p-d,fc < Yl K^'9>|e(^"''^''''ll-^gllp,fc < 

because |a;| < 1 by Remark 2.6. This proves (I3.50p . (I3.5ip is a direct consequence of Corollary 
[3l3l □ 

3.4. Proof of Proposition 13. Ill 

3.4.1. Three lemmata. The proof will use the three following Lemmata. 

Lemma 3.15. Let p,p' G m', s,s' G m'. Define t := (^1,5),*' := (y,s')- ^w{-) and pj{-) be 
defined by i3. 29\) and \2.12(l . respectively. Then: 

\^u{t,t')\^ < 2^fij{t)fij{t'). (3.52) 
The proof is straightforward, because \Qujit,t')\ < 2\t\\t'\ and |a;| < 1. 
Lemma 3.16. 



sinn3;/2 



dh"-' 



l^lm+l 



< ' ' . (3.53) 



Proof. Write: 



sin te/2 = 4^ / cos htl2 dt = / t"^ cos(™) (ht/2) dt < —-^ / (it. 
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whence 



< 



2»Tt+l 



^m|^|m+l Ixl"'^"'" 



2'^+i(m + 1) ~ 2"*+! 

□ 



Lemma 3.17. Let {T,G) £ , < d + di < p, t = {p,s), t' = ip',s'), \t\ := \p\ + 
\t'\ ■= \p'\ + \s'\. Then: 

Proof. We have by definition 

\{^^G}M\\i_a. < \ I e(^-'^-'^i)l*ldA(t) / \F{t')G{t' -t)\-\s\nh{t' -t) M' /h\d\{t') 

< / e(^-^-'^i)l*l(iA(t) / • - t)\ -lit'- t)\ ■ \t'\ dA(t') 

,(p-d-di)|t|rfA(t) / \T{u + t/2)g(M - t/2)| • \u - t/2\ ■ \u + t/2\ dX{u) 



21 xR2i 
1 



|^(x)|e''l-l dXix) / \giy)\e^''-'^\y\ dA(x) < -_--_|| J-||t ||c?||t 



di{d + di) , ~ e'^di{d + di) 



p\\^\\p-d 



because sup \a\e = —, S > 0. □ 
3.4.2. Assertion (1^). By definition 

k 

\\mmmU = t. I |a,T[-F(t'-t,ft)g(t',;.)e*''^-(*'*'-*)]|/.,_,(t)e^l*ldA(OdA(t) 

JR2I xR2i 

whence 

\\HmQmik = 

k 7 



E E f^l / \dl~'[Ht' - t, h)g{t', h)]\QUt' - t, tOlVfc-7(Oe^'*' dX{t')dX{t) = 

E E E f^l f^l / \dr''Ht' - n)dig{t', h)\\nut' - 1, t'w ^^k-,it)e^^'^ dx{t')dx{t) 

7=0 i=0 i=0 ^K2ixR2i 

By Lemma fS. 151 and the inequahty /Ufc(t' — t)< 2^^"^ fik{t')fJ-k{t) we get, with t = {p, s) : t' = {p' , s') 

- t,t'W fik-^{t) < 2^fij{t' - t)fij{t')fik^^{t) 

< 2V,i' - t)f,jit')fik-^it)2^''~^y^fik-j{t' - 

< 2^'+('=-^)/Vfc-7+.(*' - t)pk^^+,{t) 
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Denote now j — j — i = k — 'j', i = k — j" and remark that j < ^ , i < 'j — j. Then: 

Since < 4'^ and the sum over k has {k + 1) terms we get: 

mmmwL < 



(A: + 1)4'= J2 [ |a^"^'-F(t'-t,?i)|a,t"^"g(t',?i)|^y(t'-t)^y/(t)e^l*l(iA(t')dA(t) 
Now we can repeat the argument of Lemma 13.171 to conclude: 

\\mmmU<{k+iH'm\U-\mU 

which is (I3.4ip . Assertion (3^), formula (I3.43P is the particular case of ()3.4ip obtained for = 0, 
and Assertion (3), formula (I3.46p . is in turn particular case of (I3.43P . 

3.4.3. Asse'rtion{2^) . By definition: 

\\{Hf^),gmM\\lk = E / - t,n)git',n)smnn{t' - t,t')/h]\fik-^{t)ep^'^ dX{t')dXit). 

Lemma 13.161 entails: 

IdlsinhQit' -t,t')/h\ < \n{t' -t,t')\^+^ 

and therefore: 

\\{Hf^),gih)}M\\p,k < 

EE f^) / |5rn-^(^'-^,^)^(^^^)]l^^..(^'-^,0P+Vfe-7(^)e"^'*'rfA(^')dA(^) = 

EEE f^l (^) I \9r''Ht' - t,h)dig{t',hm^{t' - t,t')p+Vfc-7(0e''i*i d\{t')dm 

7=0 i=0 i=0 Jr^'xR^' 

Let us now absorb a factor \^uj{t' — t,t')\^ in exactly the same way as above, and recall that 
\n:^{t' - t,t')\ < \{t' - t)t'\. We end up with the inequality: 

\\{m,G{mM\\lk< 

(A: + 1)4'= [ |a^"^'^(^'-^,?i)|5^-^''g(^^n)||^'-^||^V7'(^'-O^7''(^0e^^'*''^A(^0^^A(^) 

Repeating once again the argument of Lemma 13.171 we finally get: 



+ 1)4'^' 

di{d + di)^^'^^^P'^ • ii^iip-d,fc 
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which is (j3.42p . Once more, Assertion (2) is a particular case of ()3.42p and Assertion (1) a 
particular case of (j3.4ip . This completes the proof of Proposition 13.111 



4. A SHARPER VERSION OF THE SEMICLASSICAL ECOROV THEOREM 

Let US state and prove in this section a particular variant of the semiclassical Egorov theorem 
(see e.g. jRoj ) which establishes the relation between the unitary transformation g*'^^/*'' and the 
canonical transformation cpy^^ generated by the flow of the symbol >V(^, x; ?i)|?i=o := yVo{C,x) 
(principal symbol) of W at time 1. The present version is sharper in the sense that the usual one 
allows for a 0{ff°) error term. 

Theorem 4.1. Let p > 0,k = 0,1, .. . and let A,W e jl{p) with symbols A, W. Then: 



Ss:=e'—iL^ + A)e- 



where: 



(1) yO<d< p, B e Jlip-d); 
(2) 



IB 



it 

I p—d,k 



< 



;|(fc + l)4fe||W||p,,. 
ed2 



l-\e\{k + l)4'^\\Wl,k/ed' 



(3) Moreover the symbol B of B is such that: 



+ B = {C^ + A) o + 0{h) 



p,k + 



where <l>yy^^ is the Hamiltonian flow o/Wq := W|/i=o at time e. 
(4) Assertions (1), (2), (3) hold true when {A,B,W) G Jk{p) with 
replaced by ||^||p,A.., ||i3||p,fc, ||>V||p,fe- 



t 

p,k 



Proof. The proof is the same in both cases, since it it is based only on Proposition 13 . 1 ll Therefore 
we limit ourselves to the Jk{p) case. 

By Corollary 13.81 Assertion (3), under the present assumptions H^iT^), the domain of the self- 
adjoint operator T{L^) + A, is left invariant by the unitary operator e*~. Therefore on H^(T^) 
we can write the commutator expansion 



Sr — + 



oo 



m times m times 



m=l 
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whence the corresponding expansions for the symbols (from now on we'll skip the ^. .. . ... nota- 

m times 

tion) 

oo ^ 

Six, e; h, e) = C^iO + E ^i'^' • • • ' {>^' • • -Im 



ml 

m=l 



oo 

e 



+ y^—f{W,{W,...,{W,A}M...}M 
^-^ ml 

m=l 

because {W,£i^}m = {VV,/2tj} by the linearity of C^i. Now apply Corollaries 13.131 and 13.141 We 
get, denoting once again Ck = (k + 1)4'^: 

II E iS—X • • • ' • • •] lli^->L^ < II J] ^{ W, { W, . . . , {W, £.}Af . . .}Af ||p-d,fc 

m=l m=l 

m=l m=l ^ ^ 

II E Str • • • ' ^] • • •] lli^->i^ < II E b^^' • • • ' -^^^'^ • • llp-d,;^ 

llllt. fit. 

m=l m=l 



< 



oo 



\p,k 

m=l 

Now define: 

oo 



|g|gfc||W||p,fc 



^-ES^[^'[^'---'[^'^J---] + EiSt^'[^'---'[^'^]---]- (^-^^^ 

Then we can write: 



m=l m=l 



|^||p-d,fc < '^'^'j^V""'' [1 - k|C,||W||,,fc/ed2] ' [\\A\\,,k + l/de] 
_ |e|(A: + l)4'=||W||p,fe 



ed2 

This proves assertions (1) and (2). 
By Remark 2.9, we have: 



1 _ \e\(k + l)4'=||W||p,fc/ed2 [\\A\\,,k + l/de] 



-1 



CO / \k 

Y,^-{^oAy^,---,{m,C + A}...} = e'^^o{C^ + A) 



k=0 

where Cyy^^J^ = {W, -F} denote the Lie derivative with respect to the Hamiltonian flow generated 
by Wq. Now, by Taylor's theorem 

e'^^o + A) = {C^ + A) o (x, e) 

and this concludes the proof of the Theorem. □ 
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Remark 4.2. Let be a solution of the homological equation ()5.ip . Then the exphcit expression 
of Wo clearly is: 

and 

e^^^o{T{C^) + eA) = HL^) + eMQ,e{C^) + 0{e^). 
Thus Wo coincides with the expression obtained by first order canonical perturbation theory. 



5. Homological equation: solution and estimate 

Let us briefly recall the well known KAM iteration in the quantum context. 
The first step consists in looking for an L^(T')-unitary map Uq^s = e*^'^"/'', Wq = VFg, such 
that 

So,e := UoALu. + eVb)C/o% = ^i,e{Lu) + eVi,„ := V, -Fi,,(L^) = + eNo{L^). 

Expanding to first order near e = we get that the two unknowns Wq and A^o must solve the 
equation 

li^ + v = N„ 

ih 

Vi^s is the second order remainder of the expansion. Iterating the procedure: 



ie^ We/h. 



in 

With abuse of notation, we denote by J^i^^^C^), h), M^^C^, ft), Vi^C^, ti) the corresponding sym- 
bols. 

The KAM iteration procedure requires therefore the solution in Jk{p) of the operator homological 
equation in the two unknowns W and M (here we have dropped the dependence on I and e, and 
changed the notation from A to M to avoid confusion with what follows): 

W^^V^MiL.) (5.1) 

with the requirement M{L^) G Jk{p)] the solution has to be expressed in terms of the correspond- 
ing Weyl symbols (£t^;, W, V, 7W) G J^kip) hi order to obtain estimates uniform with respect to h. 
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Moreover, the remainder has to be estimated in terms of the estimates for W, M. 
Equation ()5.ip . written for the symbols, becomes 

{H^UO, ft), mM + v{x, LUO; ft) = M{CUO,fi) (5-2) 

5.1. The homological equation. We will construct and estimate the solution of (15. Ij) . actually 
solving (j5.2p and estimating its solution, under the following assumptions on J^: 

Condition (1) (n, h) H> T{u; h) G C°°(R x [0, 1]; M); 

Condition (2) 

inf duF{u; h) > 0; lim ^l!^ = C> 

(u,S)eRx[0,l] |ji|^oo \u\ 

uniformly with respect to h G [0, 1]. 

Condition (3) Set: 

ICjr{u,r],h) = — — ■ ^ — — — (5.3) 

J^[u + r],h) — F[u, h) 

Then there is < A(J^) < +oo such that 

sup \IC^{u,r],h)\ < A. (5.4) 

ueR,»)GR,rie[o,i] 

The first result deals with the identification of the operators W and M through the determination 
of their matrix elements and corresponding symbols W and M. 

Proposition 5.1. Let V £ J{p), p > 0, and let W and M be the minimal closed operators in 
L^(T") generated by the infinite matrices 

(e^,Tye™+„) = — ih{em,Vem+g) ^ ^ ^ p^^^ ^ (5^5) 

{Cm, Mem) = {em, Vem), {em, MCm+q) =0, g / (5.6) 
on the eigenvector basis : Jn- S of L^^. Then: 

(1) W and M are continuous and solve the homological equation Ii5.1\) : 

(2) The symbols W{x,^]h) and M{(^,h) have the expression: 

M{C;h) = v{cuO;f^y, w{cuc),x-h)= Yl w(/:a.(0,9;ft)e*<^'"> (5.7) 
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Here the series in |5. 7[ j is \\ ■ \\p convergent; V(£i^(^); h) is the 0-th coefficient in the Fourier 
expansion ofV{Cui{S,),x,h): 

V(£.(e),x,ft) = J] V(£^(e),g;;.)e'<'?'->. 



Proof. Writing the homological equation in the eigenvector basis : m S Z we get 

[T{L^),W] _^ ^ ^ M{L^)en)Sm,n (5.9) 

in 

which immediately yields (|5.5l5.6p setting n = m + q. As far the continuity is concerned, we have: 
ih I r] 



F{{ijJ,m)h,h) — F{{ijJ,{m + q))h,h) ^ ''^^ T{{uj,m)h,h) — T{{u!,m)h + r],h)^ ^ ^ 
and therefore, by ()5.4p and the diophantine condition: 

\{em,Wem+q)\ < 'y\q\'^ A\{em,Vem+q)\- 

The assertion now follows by Corollary 13.81 which also entails the || • \\p convergence of the series 
(|5.7p because V £ Jp. Finally, again by Corollarv l3.8| formulae ()3.23p . ()3.24p . we can write 

{em,Wem+q) = W {{uj , {m + q /2)) H, q, H); {em, Mem) = M{{uj,m)h,h) = V(£^(mn), 0, /i) 

and this concludes the proof of the Proposition. □ 

The basic example of is the following one. Let: 

• Te{u,e;h) = u + <^i{u,e,n), ( = 0,1,2,... (5.10) 

• ^e{e,h) := eJ\fo{u;e,h) + e'^Afi{u;e,h) + . . . + eiJ\fi{u,e,h), ej := e'^\ (5.11) 

where we assume holomorphy of e i— )■ Ms{u,e,h) in the unit disk and the existence of po > pi > 
. . . > pi > such that: 

(Ns) max|AA|p^ < oo, 

|£|<1 

Denote, for C G K: 

gi{u, C; e, h) := (5.12) 



Let furthermore: 



< de < ... < do < po, 0<po:=p; (5.13) 

Ps+i = Ps - ds > 0, s = 0, 1 
e-i 

6e:=^de<p (5.14) 



s=0 
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and set, for j = 1, 2, . . .: 

eeM^,e) :=^ '^^"7'"-\ e,(AA,e) :=%(A^,e). (5.15) 

s=0 

By Remark 2.4 we have 

MA/'>^) = E ''^"'"^'^"'^'' (5.16) 

Lemma 5.2. /n t/ie above assumptions: 

(1) For any R > the function (" i— t- gi{u,C,,e,ti) is holomorphic in \ |C| < i? | \QC\ < p}; 
uniformly on compacts with respect to {u,e,h) G R x M x [0, 1]; 

(2) For any n G NU {0}.- 

sup \[g{u,C,e,h)r\p^ < MJ\f,e)r (5.17) 



(3) Let: 



Then: 



maxei{J\f,e) <1, L > 0. (5.18) 

|£|<L 

sup \fCjr{u,C,e,h)\p, < -r^ ■ \ (5.19) 



(4) 



sup \dig{u,C,e,h)\p^ < eej{M,e) (5.20) 

C6R 

sup \dig{uX,e,h)\p^ < 9ij{J\f,e) (5.21) 

CeK 

sup \dig{uX,e,h)\p^ < 9ej{J\f,e). (5.22) 

(m 

Proof. The holomorphy is obvious given the holomorphy of J\fs{u; e , h) . To prove the estimate 
(|5.17p . denoting J\fs{p, £, fi) the Fourier transform of Afs{£,, £, h) we write 

£-1 

i 



X,e,h) = -Y.es [ Me{p,e,h){e'<P-l)e'''Pdp= (5.23) 



2^; 



=0 

-1 



which entails: 



sup\gi{u,C,£,fi)\p, = sup / |^£(p,C,e,?i)|e^*'^' dp 
CeR Cgr jr 

< max V|e,| / |A?-,(p, e, ;i)p|e(^=-'^^)l*'l dp < - V = ^^A/": 1) < d, < p,. 
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Hence Assertion (3) of Proposition [3. IH considered for A; = 0, immediately yields ()5.17p . Finally, 
if Qf, is defined by (|5.12p . then: 



C 1 + gt{u,C,,e,h) 

and the estimate (I5.19P follows from (I5.17P which makes possible the expansion into the geome- 
trical series 



Y,{-^T 9i{u,C,e,hT (5.24) 



n=0 

convergent in the 9i{M,e) norm. To see (|5.20p . remark that (|5.23p yields: 

£-1 



dig,{u, Q,e^h) = -Y,es I Mi{p, e, h)iipy e'^^^+^Z^ sin Cp/2 dp. 



s=0 

Therefore: 



sup\digeiuX,e,h)\p,<sup max 2 V / \M,ip, e,h)\\p\^\ sin Cp/2\/C\eP'\P\ dp 
e-i „ 

<sup max2VkJ / \MJp,e,h)\\pP\smCp/2\/C\e''f'-~'^'^^^^ dp 
fie[o,i] ^ 7r 

i-i ,. 

< sup [Ipl legl e'^^^l^l] max / \pY M(p,e,ti)eP'^^\ dp 

(|5.2ip is proved by exactly the same argument. Finally, to show ()5.22p we write: 

sup\4ge{u,C,e,h)\p, < sup max 2 V / \diMs{p,e,h)\ ■ \ sin Cp/2\/C\eP'^P^ dp 

< max^|e,| j \d{N{p,e,h)\e^P^-'^'^\P\ dp < OiiN ,e) 

This proves the Lemma. □ 

By Condition (1) the operator family h 1— t- J^{Li^;e,h), defined by the spectral theorem, is 
self-adjoint in L2(t'); by Condition (2) D{F{L^)) = H^{T^). S ince is a first order operator 
with symbol C^i, the symbol of T{Li^;e, ti) is F{C^{S,),e, ti). We can now state the main result of 
this section. Let J^i{x,£,h) be as in Lemma 15.21 which entails the validity of Conditions (1), 
(2), (3). 
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Theorem 5.3. Let Vi G Jk{pi), i = 0,1 . . ., Vi = V for some pi > p^+i > 0, A; = 0, 1, Let 

Vi{Ci^{C),x]e,h) E J^kip) be its symbol. Then for any 9^{M,e) < 1 the homological equation ( [5. 1]) . 
rewritten as 



ih 



+ V, = Ne{L^,e) 



(5.25) 



{WUO,e, h),We{x, e, h)}M + Ve{x, L^{i)-e, h) = AA^(£^(e), h) (5.26) 

admits a unique solution {W^,N() of Weyl symbols W(,{Ci^{£,),x;£,h), J\f^{Ci^{^),e,ti) such that 
(1) Wi = Wl e Jkipe), with: 

\\Wet,^„k = \\mpi+.,k < Aii,k,emi,,k (5.27) 



1 + 



2fc+i(A: + l)2('=+i)A;'= 



'e5ini-ei{M,e)] 



fc+1 '^i,k 



(5.28) 



(2) Afi = Vi; therefore Ni € Jk{pi) and \\N\\p^^k < \\Vi\\pt,k- 



Proof. The proof of (2) is obvious and follows from the definition of the norms || • ||p and || • \\p^k- The 
self-adjointess property W = W* is implied by the construction itself, which makes W symmetric 
and bounded. 

Consider Wi as defined by (15 .Tp . Under the present assumptions, by Lemma [5^ we have: 

ihVi{C^{(,);q;e,h) 



1 



, q^O; Wi{-,0;h)=0. 



By the || • ||p^ -convergence of the series (|5.24p we can write 



n=0 

yV£,„(£<,(e),g;e,ft) = j^Ve{£UO;q;e,h)[ge{C^{0; {u:,q)h,e,H)r 



(w,g) 



(5.29) 

(5.30) 
(5.31) 



^ ' dl-'V,{C^(0;<i;e,h)Di[g,[C^{£,);{u:,q)h,eM' 



E 

3=0 

where Df^ denotes the total derivative with respect to h. We need the following preliminary result. 

Lemma 5.4. Let C,{h) := {uj,q)h. Then: 
il) 



\Dig,{CUC),m,e,h)\p^ < U + l){2\q\ye,jiM,ef 



(5.32) 
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(2) 



\Di[ge{CUO;m,e,h)r\p, < 2n^{ee{Af,e)r-^{2{j + l)\q\y6e,j{^,e 



i2i 



Proof. The expression of total derivative Df^g is: 



By Leibnitz's formula we then have: 

Digei-, (w, q)fi, e,h) = ^ ( • ) ^' ^ 
Apply now (fM]) with /c = 0, (fCTjl and (ICT]) . We get: 



(5.33) 



(5.34) 



(5.35) 



< (j + l)2^0,,,(AA,e)^ 



pi 



whence, since Iwl < 1: 



D^gi 



DK) 



< {j + l){2y\q\^9eAM,e) 



(5.36) 



This proves Assertion (1). To prove Assertion (2), let us first note that 
where P„j(xi, . . . ,x,) is a homogeneous polynomial of degree n with terms. Explicitly: 



(5.37) 



Dge D^gt 



Y.0'-' n 

i=i 



fc=i 



Now (;02|) . (I05D and Proposition EH] (3) entail: 



fc=i 
ji+...+jfc=j 



< 2n^i9,iM,e)r-n2{j + l)|g|]^-0,,,-(AA, e)^^. 
This concludes the proof of the Lemma. 



□ 



To conclude the proof of the theorem, we must estimate the || • ||p^^i,A; norm of the derivatives 
d2W£,n{Ccj{0,x;e,h). Obviously: 



\\y^£{Lx]£,h)\\p^+i^k x; £, I 



\Pe+i,k • 



(5.38) 



n=0 
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For n = 0: 

k 



7=0 



7=0 



where the inequality follows again by the standard majorization 



r 



gPf+i(lpl+|s|) _ ^pi{\p\+\s\) ^-dt{\p\+\s\) ^ sup[|s|'^e^°'*'*'] < "/ ' 



on account of the small denominator estimate (jl.26p . For n > we can write, on account of 
(|2.5l2.6p : 

ll>V,,„(e,x;-)||p,+„fc = ^ / |a,^W^,„(p,5;0lkl>fc-7(P'^>«)e''+^^'^'+'''^'^A(p,s) < 



7=0 



where 



:= / \[dl-^V,{p-sr)]*[D{g;-{p-{u:,s)hr)]lJik-^{pu:, 



s)eP^\P\dp 



Here * denotes convolution with respect only to the p variable, and gi^^{p,Ci') denotes the 
n— th convolution of 'gi with itself, i.e. the p- Fourier transform of 5". Now, by Assertion (3) of 
Proposition (|3.1ip and the above Lemma: 

/ Q{s,-)eP'\'\du{s) = 
Jr' 

I [dr'Mp; s; •)] *5 [Digrip; (a;, s)h, ■)W-y{pco, s) e^^d^l+I^D dA(p, s) 



< 



m-'Mp; s; n)] * [Dig*-{p; (a;, s)n, ■)]\^ik~^{pu;, s) e^^l^l dp 



with 



A{j) ■.= 2n{j + l)eeAM,e)\ 
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This yields, with 61 defined by ()5.13p : 

k 



7=0 



< 



7=0 



< 



-fT^{k + l){2A{k))'' k'' 



<7- 



(A; + 



k 



7=0 

2{2nf{6e{N,e)T-\k + lfej%\m 



p,k ■ 



Therefore, by (fOH]) : 

00 

n=0 

2^+^{k + lf+'^k^ 



because j < k, and 



1 + 



n=l 



2^+i(fe + l)2(^+i)fc^ ' 



n=l n=l 



+k 



n=l 



By the Stirhng formula this estimate concludes the proof of the Theorem. 



□ 



5.2. Towards KAM iteration. Let us now prove the estimate which represents the starting 
point of the KAM iteration: 

Theorem 5.5. Let and Vg be as in Theorem \5.3l and let We be the solution of the homological 
equation \5. 1\) as constructed and estimated in Theorem \5.3X Let \5.1^) hold and let furthermore 
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Then we have: 

ei-^w^/\j^,{L^) + e,V,)e-''^'^^/^ = {F, + e,N,){L^) + ejVe+i,e (5.40) 
where, V < 2d£ < p£ and k = 0,1, . . .: 

< Cii,k,e) ^ , .^JT^I'Imi.;,! .u..^.2 (5-41) 



l-\ei\{k + l)4'^A{i,k,e)\\V\\p,,k/{edi) 



C{l,k,e) ■.= ^^—L-A{l,k,e 



(5.42) 



Here A{i, k, e) is defined by < f05|) . 



Remark 5.6. We will verify in the next section (Remark 16.311 below) that (j5.39p is actually fulfilled 
for |e| < l/|V|p. 

Proof. To prove the theorem we need an auxiliary result, namely: 

Lemma 5.7. For £ = 0,1,... let p£ > 0,po := p, A e Jk{p), We G Jk{pe), k = 0,1, Let 

Wg = We, and define: 

Ae{h) := e^^^^^f-'Ae-'"'^/^. (5.43) 
Then, for \ee\ < [edj/{{k + l)A''\\W\\p,^,,k)f'\ andyO<de< pe, k = 0,l,...: 



1 - k<?l(^ + 1)4^1 W||p,+,,fc/(e(i|) 

Proof. Since the operators We and A are bounded, there is eo > such that the commutator 
expansion for As{h): 



m=0 



h^m\ 

is norm convergent for |e| < eo if ^ £]0, 1[ is fixed. The corresponding expansion for the symbols 



IS 



Mfi) = yZ ^^{m, {W, . . . , {We, A}m ■ ■ ■}m 
^-^ ml 

m=0 



Now we can apply once again Corollary 13.131 We get: 



1 (k + lWllWeWo.^, k\ 
:^W{We,m,...,m,A}M...}Mt,-d„k< [- \\A\\p,,k (5.45) 



Therefore: 
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oo 

\\Mh)\\p.-d,,k < ||-4|U,,5]|£,rp + l)4^||W||,,^„fc/(ed|)r 

771=0 

l-\ee\ik + l)i^\\W\\p,^„k/{e4) 
and this concludes the proof. □ 

Wi solves the homological equation (|5.ip . Then by Theorem 15.31 Wi = £ JkiPe — d^), 
/c = 0, 1, . . .; in turn, by Assertion (3) of Corollary 13.81 the unitary operator g*'"^^*/'' leaves H^(t'') 
invariant. Therefore the unitary image of under e^'^'^^'^ is the real-holomorphic operator family 
in L2(t') 

ee ^ Ss, := e-^^^/''(J-,(L.) + e,T4)e— D{S{ee)) = hHt') (5.46) 
Computing its Taylor expansion at = with second order remainder we obtain: 

S,^u = Fi{L^)u + eeNe{L^)u + e^Ve+i^^u, u G H\t^) (5.47) 

dt (5.48) 

To see this, first remark that 5*0 = F[L^). Next, we compute, as equalities between continuous 
operators in L^(T'): 

5/^ = e-^^/''([J>(L^), W,]/ih + V, + W]/ih)e-''^'^l'' = 

5// = e'^^'^^/WNi, W,]/th + [Vi, Wi]/ih + e,[W,, [W,, F,]]/(^n)2)e-*^^^^/^ 

and this proves ()5.47p by the second order Taylor's formula with remainder: 

Se, = 5(0) + i r\et - t)S"{t),dt 

^ Jo 

The above formulae obviously yield 

\\Vi+i,s,\\ < led' max ||5"(t)|| (5.49) 

0<|i|<|££| 

Set now: 

Ri+i,e, ■■= [Ne, W,]/ih + [V,, W,]/ih + e,[W,, [W,, Vi\]/{ihf (5.50) 
is a continuous operator in L^, corresponding to the symbol 

7^m,£,(^..(0,a;;S) = {Mi,Wi]M + {Vi,Wi]M + et{Wt,{Wi,Vi]M]M (5.51) 
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Let us estimate the three terms individually. By Theorems 15.31 and 13.111 we can write, with 
A{i,k,e) given by ([QS]) : 

(k + 1)# 

\\[Ni,Wi]/ih\\p^_d,,k < \\{f^i,m}M\\p,~d„k < (e^^)2 \\^i\\p,+ukWdp,,k 



[Vi,We]/ih\\p^-d„k < \\{Ve,m}M\\p,-d„k < ^^^^^m\\p„km\\p,+„k < 



^^(^,M)l|vdlL 



(k + 1)242A: 

\\[We,m,v,]]/iih)^\\,,.d„k < \\{m,{m,v,}M}M\\p,-d„k < -j^^^\\m%^„k\mUk 

We can now apply Lemma 15.71 which yields: 



where 



livdl? 



lpi,k 

l-\ee{k + l)4km\Uuk/iedj] 
l-|£,(A; + l)4^||W||p,^,VK2) 



:= A(£,A;,e) • ^ , -, x .t-i n-f;,,, 77-^ (5-52) 



■i(£,A;) = A(£,A;,e)2 — ^-toT (5-53) 



Therefore, summing the three inequalities we get 

Wi+l,e\\pi^di~d'f,k < 

(ed£) 



\ + \e,\^tL^A{e,k,e)\\Ve\U,k 



If we choose = di this is (I5.4ip on account of Theorem 15. 31 This concludes the proof of Theorem 
EH □ 
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6. Recursive estimates 

Consider the £-th step of the KAM iteration. Summing up the results of the preceding Section 
we can write: 

i-i 

1 r^* 



k=l 



Rf 



-l,e 



[N,, We]/h + [W,, V^^e]/fi + eem, [We, V.^eW/^i^ 



We now proceed to obtain recursive estimates for the above quantities in the 
Consider (I5.4ip and denote: 



£,fc(AA,e) 



fc+i 



where Ot^ki-N'^e) is defined by (I536D . ([O) and ([O]) yield 



A{£, k, e) = [1 + W, k)P{£, k, e)]. 



Set furthermore: 



Then we have: 



E{e,k,e) := 



^{e, k)A{e, k, e)[2 + \e,\^{l, k)A{i, k, £)|| V^,, 
l-\ee\^{i,k)A{i,k,e)\\VeJp,,k 



Lemma 6.1. Let: 



Then: 



\ei\^{e,k)A{e,k,e)\\Ve,e\\p„k < 1- 



norm. 

(6.1) 
(6.2) 

(6.3) 
(6.4) 



(6.5) 
(6.6) 



Remark 6.2. The validity of the assumption (16. 5p is to be verified in Proposition 16.31 below. 

Proof. By (l5^ . KT\i and ([O]) we can write: 

C{£, k, e) < ^{e, k)A{e, k, e)) [2 + |e,|M'(£, k)A{£, k, e)\\VeJp,,k] (6.7) 
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and therefore, by ()5.4ip : 

||^m,e||p.-2.„. < 

< ^(^, k)A{t, k, e) [2 + \e,\^{e, k)A{e, k, e)\\V,,, 2 

l-\ee\^ii,k)A{i,k,e)\\Ve,et,,k " 
= Eii,k,e)m\\l,k- 

This yields (j6.6p and proves the Lemma. □ 
Now recaU that the sequence {pj} is decreasing. Therefore: 

\\M,,e\\p,,k < \\Mj,e\\p^,k = \\Vj,e\\p^,k < \\Vj,e\\p,,k, J = 0, 1. (6.8) 

At this point we can specify the sequence di,£ = 1,2, .. ., setting: 

P 



{£ + !) 

Remark that ()6.9p yields 



0,1,2,... (6.9) 



oo 2 

d - df = p- — >-. 
^ ^ ^ 6 2 

£=0 



as well as the following estimate 



[2(fc + l)2l'=+lA;'=(^+l)2^' ^ ^ 

U{i, k) < ^^-^-^^ >- (6.10) 



We are now in position to discuss the convergence of the recurrence (|6.6p . 
Proposition 6.3. Let: 

p>2 (6.11) 

< ^= eW+^)(/+2)21|V||,. ^'-'^^ 

jT^k + T + 2)4(^'+"+2) < 1 (6.13) 

r/ien i/ie following estimate holds: 

l|V,,.IU,fc< (e'('+'+"^l|V||p,fc)'', £ = 1,2,.... (6.14) 

Proof. We proceed by induction. The assertion is true for i = 0. Now assume inductively: 

k,|||V,-e||p,,fc<(A: + 2)-2-(j'+i), (6.15) 

for < j < i. Out of this we prove the validity of (j6.14p and of (|6.5p ; to complete the induction 
it will be enough to show that (|6.14p implies the validity of (j6.15p for j = £ + 1. 
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A preliminary result is the estimate of |ef|^^^fcA(£, A;, e)||V||p^^fc: 
Lemma 6.4. Let (|6?T5]l hold. Then: 

\ee\^e,k\A{i,k,e)\\V\\p,,k<\- (6.16) 

Proof. Let us first estimate 6i{M,e) as defined by (jS.lSp assuming the validity of (|6.15p . We 
obtain: 

e-i ^ e-1 

s=0 ^ s=0 

because r > / — 1 > 1. Now p > 1 entails that 



1 - Of p - 1 

Hence we get, by (j6.2p and ()5.16p . the further (£, e)— independent estimate: 



m*,e)<(^^((^ + 2)V)-'-'<(^) . (6.18) 
whence, by (j6.3p : 

A(A /fc, < ^Ilii+ll!: [1 + [2ik + [(/t + 2)2] -('•+^) A;'=(^ + 1)2^] 

[epy 

Upon application of the inductive assumption and (|6.19p we get: 

|e,|*,,fc^(Afc,e)||V|U,fc < ^^%^(^ + l)^k,|A(£,A;,e)||V||p„fc 

e p 



(e/9)-+2 
■ 4 fe+^(fc + 1) 



whence 



because 



|e,|*,,fcA(Afc,e)||V||,„, < 7r-l!j^ii^A;'=^(fc,r)2('=+-+2)(^^2)-2-(^-'^ (6.20) 
s k + T + 2 

<k,T):=—- 6.21 

^ ^ rln(A; + r) ^ ' 

sup(£ + l)2(-+'=+2)(A; + 2)-2(^+i)- = K(A:,r)2(^+-+2)(A: + 2)-^<^^-\ 

£>0 
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Hence: 



1 
2 

provided (j6.1ip and ()6.13p hold. As a matter of fact: 



ei\^e,kAi£,k,e)\\V\\p„k<i^ (6.22) 



< 7T^[4(A: + l)f+\k + T + 2)2('=+^+2) < jT^(k + T + 2)4('=+^+2) 

because ep > 1, 4(A; + 1) < (A; + r + 2f since r > 2, and K{k, r) < (A; + r + 2). Hence ([6:22|) is 
implied by the inequality 

7r"(/t + r + 2)4('^+"+2) < 1 (6.23) 

which is (j6.13p . The Lemma is proved. □ 

Proof of Proposition \6.3l By (|6.4p : 

E{i,k,e) < 5'^i,kA{e,k,e) < 20-fT^{e + lf^^+''h''^e^k 
once more because ep > 1. (|6.6p in turn entails: 

||V,+i,,||p,+i,fc < <^i,kmj%,k, '^e,k ■■= 207tM^ + l)2(^+^)*,,fc. 
This last inequality immediately yields 

m=0 

Now: 

k = 20-fT^e + l)2(r+fc)fefc (^ + iy < ^(^^ ^ i)2(fe+r+2) 

(edf)^ 

i^(A;,r) := 207x^4^= (A; + 1) A;'' 

Now the following inequality is easily checked: 

i^{k, t) = 20-fT^{k + l)i^k^ < 2-jT^{k + T + 2)^('=+^+2) (6.25) 

because r > 2, and therefore, by (I6.13p . (16. lip we get: v{k,T) < 1. As a consequence we have 

^£,fc(^ + l)^^''+"+^^ (6.26) 
Moreover, since ^>j^fe < ^£^k,j < ^5 we get, by (I6.25P : 

n ^'iTi-m,, < [^e,kr^'^ < (£+ i)2(^+^+2).(.+i) 

m=l 
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Now using + 1) log^ + 1 < 4 X 2^+^, V£ G N, we get: 

+ l)2(fc+T+2K(f+l) ^ jg8{A;+T+2)j2^+i_ 

The following estimate is thus established 



m=0 



If we now define: 



then (fOil) and (lOTl) yield: 



^ := e 



8(k+T+2) 



< 



\\Ve+l,e\\pi+i^k 

and therefore 

£e+i\\Ve+i,£\\pi+i_k ^ 



fJ''^ \\^e,e\\pe,k < [||V||p,A;^] 



2^+1 



1)11 2' 
'^\\pe,kfJ- Q 



< 



,9^+1 



(6.27) 



.28) 



5.29) 



(6.30) 



()6.29p is exactly ()6.14p . Let us now prove out of ()6.29|6.30|) that the condition (IG.lSp preserves 
its validity also for j = £ -\- 1. We have indeed, by the inductive assumption (16.151) and (I6.29P : 



kf+i|||v^+i,. 



< 



<{k + 2r'^('+'he{f^''f\\V\\p„, 



< (A; + 2)-2-(^+i) [ef,'\\V\\p,kY <{k + 2)-'^ 



-2t(£+2) 



provided 



\£\ < 



/^^l|V||p,fc(fc + 2)2- e24(fc+r+2) ||V||p,fc(A; + 2)2- 



■.= e*iT,k) 



(6.31) 



where the last expression follows from (|6.28p . This proves (I6.15P for j = £ + 1, and concludes the 
proof of the Proposition. □ 



Theorem 6.5. [Final estimates ofWi, Ni, Vi] 

Let V fulfill Assumption (H2-H4), and let (j6.13p be verified. Then the following estimates hold, 
V£ G N; 



ee\mjp,^^,k<{i+l?^^^'^-{f^e\\V\\p)' 



£E\\Ne,e\\pi,k < ee\\Vi,s\\pe,k < [||V||pe^]^' . 



££+l\\yi+l,e\\pe+i,k < [||V||pe/i] 



2t+i 



(6.32) 
(6.33) 
(6.34) 
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Proof. Since V does not depend on h, obviously ||V||p^fc = ||V||p. Then formula (j5.27p yields, on 
account of (f09D . (fOTD . (f03D . (fOOD . (fOOD : 

<2i(£ + l)2('=+-).(^e||V||p)2^ 
This proves (|6.32p . Moreover, since TV^^e = V£_e, again by (|6.29p . (|6.30p : 

The remaining assertion follows once more from (j6.30p . This concludes the proof of the Theorem. 

□ 

Remark 6.6. (j6.32p yields: 

di ^ 

This inequality in turn entails: 
so that (|5.39p is actually fulfilled for |e| < 



V||p 



Corollary 6.7. In the above assumptions set: 

n 

Un,e{n):=We''-^^-^-^, n = 0,l,.... (6.35) 



s=0 

Then: 

(1) Un,e{h) is a unitary operator in L^(T'), with 

n 



iSsWs, 
s=0 



(2) Let- 



Then: 



Sn,e{f^) := Un,emC^ + eV)Un,e{f^)~^ (6-36) 

Sn = Dn,e{h) + en+lVn+l,e (6.37) 
n 
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The corresponding symbols are: 

X; h) = Vn^ei^UO: ^) + £n+lVn+l,e{i^uj{€) , X; h) (6.39) 

n 

Vr,ACUO,h) = cue) + Y,esAfsA^UO,t^)- (6.40) 

s=l 

Here the operators Ws^e, ^s,e, ^1+1,6 o-n-d their symbols Ws^e, -^3,6, V^+i,e fulfill the above 
estimates. 

(3) Let e* be defined as in i6.12\) . Remark that e*{-, k) > e*(-, A; + 1), /c = 0, 1, Then, if 

\e\ < e{k, ■): 

lim VnA^UO, ^) = 1^oo,e{J^U0, ^) (6.41) 

n— >-oo 

where in the convergence takes place in the C^{[0,l];C'^{p/2)) topology, namely 

lim \\Vn,siCU(),h)-V^ACUe),h)\\p/2,k = 0. (6.42) 

n— j>oo ' ' 

Proof. Since Assertions (1) and (2) are straightforward, we limit ourselves to the simple verifica- 
tion of Assertion (3). If |e| < e*(r, A;) then ||l/||p.fc/ie < A < 1. Recalling that || • \\p^^k < || • \\p',k 
whenever p < p', and that p£ < p/2, G N, (I6.34p yields: 

en+l||V'„,+ l,e||p/2,fc < £n+l||V„+l,e||p„^i,fc < 

[||y||p^fc/ue]^ — )• 0, n — )• oo, A; fixed. 

In the same way, by (j6.33p : 

\\-^n,e\\p/2,k < \\-^n,e\\p„,k = \\Vn,e\\p„,k < ||Vn,e||p„„fc < 

[\\y\\p,kpef =[\\V\\p^ief ^0, n ^ oo. A: fixed. 
This concludes the proof of the Corollary. □ 



7. Convergence of the iteration and of the normal form. 

Let us first prove the uniform convergence of the unitary transformation sequence as n — )■ oo. 
Recall that e*(T, A;) > e*(T, A; + 1), A; = 0, 1, . . ., and recall the abbreviation || • ||p^o := II ■ Hp. Let 
e*(T) be defined by (fL29D . Then: 

Lemma 7.1. Let h be fixed, and |e| < £*{t). Consider the sequence {Un,e{h)} of unitary operators 
in L^(T') defined by i6.35\) . Then there is a unitary operator Uoo,e{h) in L^(t') such that 

lim \\Un,e{h) - f^oo,e(^)||L2^L2 = 
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Proof. We have, for p = 1, 2, . . .: 

Un+p,e - Un,e = A„+p,,e^^"— • • • e*^" , A„+p,, := (e*^"+^— • • • e*^"+^— - I) 

Now we apply the mean value theorem and obtain 

^ Jo 

whence, by (j6.32p in which we make A; = 0: 

mi,e\\ < ^i\\Wi,e\\p, = ee\\We,s\\p„o < ^jr^t + l)^- < (7.1) 
for some ^ < 1. Now: 

An+p,e = [(1 + /3n+p,een+p)(l + f^n+p-l,e^n+p-l) •••(!+ Pn+l^sEn+l) — 1] = l3n-\-j^i;£n+j 

l<j<P 

~l" ^ ^ I^n+ji,e^n+ji/3n+j2,e^n+j2 ~^ ^ ^ /^n+ji,e^n+ji/3n+j2,e^n+j2/^n+j3,e^n+j3 

i<ii<i2<p i<ii<i2<i3<p 

-|- . . . + /3n+l,e ■ ■ ■ (^n+p,e^n+l ' ' ' ^n+p 

Therefore, by (mj) : 

l|A„+p,e||L2^L2 < 2^—^+ 2^ + 2^ + ■■■ 

i<i<p i<ii<i2<p i<ji<j2<j3<p 

A" A / ^ X 2 / ^ \P 

<— :^ 7 + ^ r. 7 +••• + 



h 1-A h'^ \l-Aj "' hP \l-A 
<_1! I forn>i^^^(fc:^ 

Therfeore 

A„+p,e 0, n oo, yp,h> 0. 

Hence {C/n,e(^)}ngN is a Cauchy sequence in the operator norm, uniformly with respect to |e| < Sq, 
and the Lemma is proved. □ 

We are now in position to prove existence and analyticity of the limit of the KAM iteration, 
whence the uniform convergence of the QNF. 

Proof of Theorems 11.61 and 11.71 

The operator family is self-adjoint in L'^{T^) with pure point spectrum Ve G M because V is 
a continuous operator. By Corollary [621 the operator sequence {Dn,e{^)}n&n admits for \e\ < Eq 
the uniform norm limit 

oo 
m=0 
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of symbol I'oo,ft(>Ctj(^)). The series is norm-convergent by (|6.33p . By Lemma (|7.ip . D^ fi{Li^,h) 
is unitarily equivalent to H^. The operator family e i— )• Dao,e{^) is holomorphic for |e| < Eq, 
uniformly with respect to ?i £ [0,1]- As a consequence, Z)oo,e(^) admits the norm-convergent 
expansion: 

oo 

D^^e{L^,ti) = L^ + J2Bs{Luj,hy, \e\ < e*(r) 

3 = 1 

which is the convergent quantum normal form. 

On the other hand, (j6.42p entails that the symbol I'oo,e(>Ctj(^), ft) is a j7(p/2)-valued holomor- 
phic function of e, |e| < e*(r), continuous with respect to h G [0,1]. Therefore it admits the 
expansion 

oo 

^?oo,.(/:c.(e),/^) = ^c.(e) + 5]^s(/:.(0,%^ kl<^*M (7.2) 

3 = 1 

convergent in the || • ||p/2"iioi'™) with radius of convergence £*{t). Hence, in the notation of 
Theorem 11.61 ^oo,e(>Ccj(i^), ft) = i3oo,e(>C^(0) ^)- By construction, 0s(£^(^),ft) is the symbol of 
Bs{L^,h). Boo,e[^u){€}-:^) is the symbol yielding the quantum normal form via Weyl's quantiza- 
tion. Likewise, the symbol VVoo,e(Ci 2;, ft) is a J'(p/2)-valued holomorphic function of e, \e\ < e*(r), 
continuous with respect to ft G [0, 1] , and admits the expansion: 

00 

Wo.,e{^,x,h) = {tx) + Y,^s{^,^,f^y, \e\<e* (7.3) 

s=l 

convergent in the || • ||p/2"iiorm, once more with radius of convergence £*{t). Since Since < 
llWslli < ||>Vs||p/2 Vp > 0. By construction, Boo,eiC,x,h) = Soo,e(t, x, ft)|i=£^(g). Theo- 
rem [L6l is proved. 

Remark furthermore that the principal symbol of 0oo,e(^w(O) ^) is just the convergent Birkhoff 
normal form: 

00 

13oo,e = + B3{CU0y, kl < ^*ir) 

s=l 

Theorem ()1.7p is a direct consequence of (I6.42p on account of the fact that 

r 

V max \\dlBoo{t;e,h)\\p/2 < ||^oo||p/2,fc 

7=1) 

Remark indeed that by ()6.42p the series ()7.2p converges in the || • \\p/2,r norm if |e| < e*(T, r). 
Therefore Bs{t,h) G C"'([0, 1]; C"({t G C\\Qt\ < p/2}) and the formula (fOil) follows from 
upon Weyl quantization. This concludes the proof of the Theorem. 
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Appendix A. The quantum normal form 

The quantum normal form in the framework of semiclassical analysis has been introduced by 
Sjostrand [Sj|. We follow here the presentation of |BGP| . 

1. The formal construction Given the operator family e i— )• Hg, = L^^ + eV ^ look for a unitary 
transformation U{uj,£,ti) = e^^^^)!^ : L^{T^) o L^{T^), W{e) = W*{e), such that: 

S{e) := UHeU-^ = L{uj) + eBi + e^B2 + . . . + e^Rk{e) (A.l) 

where [Bp, Lq] = 0, p = 1, . . . , A; — 1. Recall the formal commutator expansion: 

S{e) = e^twie)/n^^~uwie)/n ^ y ^i^^^ [W,Hi ^ ^ ^ 

and look for W{e) under the form of a power series: W{e) = eWi + e'^W2 + . . .. Then ()A.2p 
becomes: 

k-l 

5(e) = ^ e^P, + (A.3) 

s=0 

where 

Po = L^; :=&-^ + I/„ s>l,V,^V (A.4) 
in 

V=\-l. V [WhAWn,...,[Wj^,Ho]...] ^ 1 ^ [W,„[Wj„...,[Wj,.,V]...] 
^ ^ r! ^ (inV ^ rl ^ (ihV 

r=2 Jl+-.-+jr=s ^ ' r=2 ji + ...+jr=s-l ^ ^ 

= V iW,,,[Wj„...,[W,^,L^]...] ^ 1 ^ [Wj„[W,„...,[Wj^,V]...] 

^ r\ ^ (ihY ^ r\ ^ (ihY 

r=k ji+...+ir=fe ^ ^ r=k-l ji + ...+jr=fc-l ^ ^ 

J;>i J!>i 

Since Vs depends on Wi, . . . , Ws-i, (Al) and (A3) yield the recursive homological equations: 

+ = i?„ [Lo,Bs] = (A.5) 

in 

To solve for S, Ws, Bg, we can equivalently look for their symbols. The equations ()A.2p . (jA.Sp . 
(|A.4p become, once written for the symbols: 

S(e) = f;?^,, 'Ho:=C^ + eV, := i^^^l^^l^, Z > 1 (A.6) 

1=0 

k 

S(£) = e'Vs + e'=+l7^('=+l) (A.7) 

where 

ro = c^; rs:={m,ro}M + Vs, s = i,..., Vi = Vo = v (A.s) 



48 SANDRO GRAFFI AND THIERRY PAUL 



.-1 

+ E;:i E {Wji'{Wi2,---,{w,„,v}A/...}A/, s>i 



r=l ' ii+-.-+jr=s-i 



oo 

^^'^ = E H E {^n^y^n^- ■ ■ ' mrX.}M . . .}m + 

oo ^ 

Eh E {w,,,{w,„...,{>v,„,v}m...}m 

r=k—l Ji+-.-+ii-=fe-i 

In turn, the recursive homological equations become: 

{m,C^}M + Vs = 13s, {C^,13,}m = (A.9) 

2. Solution of the homological equation and estimates of the solution 

The key remark is that {A,Ci^}M = {•^,^ui} for any smooth symbol A{£,]X]h) because C^^ is 
linear in ^. The homological equation (A.9) becomes therefore 

{Ws,C^} + Vs = Bs, {C^,Bs} = (A.IO) 

We then have: 

Proposition A.l. Let Vs{S,,x;h) G J{ps)- Then the equation 

{Ws,C^} + Vs = Bs, {C^,Bs} = Q (A.ll) 
admits \/ < dg < Ps the solutions Bs{C^{£,\ )h) G J{ps), VV G J{p — dg) given by: 

Moreover: 

IIRJL < IIVJL ; IIWJL. ^ < ^ ( 



< llV.llp,; <7(x) ll^^llp- (A-13) 



Proof. Bs and Ws defined by (A. 12) clearly solve the homological equation (A.ll). The estimate 
for Bg is obvious, and the estimate for Ws follows once more by the small denominator inequality 
(fLMjl . □ 

By definition of || • ||p norm: 

11^,11^2 .,^2 < \\B,\\p < WVsWp/, WBsWl^^c^ < \\Bs\\p < llV.llp, (A.14) 
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Hence all terms of the quantum normal form and the remainder can be recursively estimated 
terms of ||V||p by Corollary 3.11. Setting now, for s > 1: 

Ps.= p-sds, ds < ^ ■, Po ■= P 
s + 1 

we actually have, applying without modification the argument of |BGPj . Proposition 3.2: 
Proposition A. 2. Let ps < 1/2, s = 1, . . . ,k. Set: 



K :-- 



p2+r 



Then the following estimates hold for the quantum normal form: 

k k k 



s=l 



\\Rk+l\\p/2 < ll^fe+lllp/2 < (ii;i^)'-+Hfc + l)(-+2)(fc+l)^;c+l 
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